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Abstract— A compartment model is proposed to describe 2 3 4
the HIV infection in humans. The compartments describe the - +5 6 8
blood, several lymph nodes and connecting lymph vessels. &h ’ 9 10 11
dynamics in each compartment are described by a simplified
HIV model considering the healthy and infected T-cells. A
bifurcation analysis based on the variation of the proliferation
rate is discussed and supported by simulations. Additional Fig. 1: Scheme of compartment model
simulations illustrate the efect of a simple mutation model.

I. INTRODUCTION .
modelled as one compartment each. Despite the fact that

mph vessels are very thin, the overall volume of the finely
M " ants of th del a0 h ranched system is much higher than the combined volume
ore recently, variants of these models (e.g. [4]) hav f all lymph nodes [7]. A rough estimation reveals that even

been shown to exhibit several of the main traits of clinica ssuming all 600 lymph nodes to be rather large, with a

observations of the disease. Most models only descrilQ/%Iume of (10nm3, they only contain approximately 660
infection dynamics within the circulatory system. However '

itis K hat the | hati | i IWhich is less than 10% of the overall lymphatic system.
!t IS known t at; elymp at_lc sys_,tem plays an important role paper is organised as follows: The model and all
in the progression of HIV infection, e.g. [5], [6]. However,

the | hati ¢ hibit nificantiatic modelling assumptions are discussed in Section Il. A bi-
€ lymphatic system exnibils some significa NCeS " furcation analysis is presented in Section Ill. Section IV
compared to the circulatory system:

An adult h bod A h b ¢ ontains simulation results and interpretations therébg
n adult human body contains a huge number o SmaEaper closes with discussions in Section V.

lymph capillaries, vessels and approximately 500-600 bean
shaped lymph nodes varying in size up to approximately 1— Il. M opEL AND MODELLING ASSUMPTIONS
2cm in diameter, [7]. Overall the adult human body containg. Modelling Assumptions

approximately ten litres of lymph. The lymph flows are on- The model used in this paper is a combination of the HIV

uniform and at a much slower rate than the blood. model presented in [4] and an extension of the compartment

More recently, the lymphatic system has been included 'fhodel in [8]. Note that the description in [4] is a widely used

a three compartment HIV model in [8]'. The compartmentfhodel while [8] recently introduced a compartment model
modelled are the blood, a remote region of the Iymphat|8f the infected body:

system anq an isolated sanctuary .site. While Highly Active Similar to [8] the system in this paper is assumed to
Anti-Retroviral Therapy (HAART) is assumed to be V€Ybe divided in several compartments. The first compartment

teri]ﬁuent mdthe :;'rSt :f:f(;:mpzirtr?eﬂtf Ittlhs T#CQ Ieslﬁ@ert]t in ‘ represents the blood. The remaining compartments are parts
€ second and notiecient at afl In the third compartment. ¢y, o lymphatic system. We assume that the lymphatic

The simulations in [8] revealed that due to the non uniforrgystem consists of lymph vessels alternating with lymph

HAART efficiency, the viral load may be undetectable "odes. The last compartmentis a larger lymph vessel leading

the blood, whilst higher concentrations of virus persist i, -\ ain close to the heart. The volume of compartnient

co_lrphpartments 2 and 3. d th ts. D he s is denoted byv;. We assume that the volumes are constant.
f IS {)ape}r fh'msblto (ejxtend ttheseh resu ts.l ue toftl € SIoWrpe pressure in the blood capillaries is higher than in the
ow rate ot Ihe blood an € huge volume of lymph mph capillaries. This causes blood plasma and some cells

flowing in a very finely branched sysiem it is unclear wheth rom the blood to be pushed into the lymph capillaries. These
the lymphatic system can accurately be modelled as or|w$

inal in 181, Th q ad to lymph vessels of increasing size connecting lymph
single compartment as in [8]. Thus, we propose a mo fodes of increasing size. The lymph vessel at the end of this

con_sisting of one compartment dgscrib?ng .the blood and hain (here the last compartméj feeds into a vein close
chain of five lymph vessels alternating with five lymph node§o the heart. The lymph only flows in one direction, i.e. from
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A variety of mathematical models of HIV infection have
been examined with perhaps the earliest those in [1]-[



The flow of lymph is very slow compared to the flow rate of

blood. We assume that the lymph flow rate is approximatelyhe remaining lymph compartments foe {3,4,...,N — 1}
one metre per 6 days. We assume that there is a static flare described by the fiiérential equations

of plasma/ lymph and cells from the blood to each part of

the lymphatic system. Ti=—drTi - Bi(1— un&) TiT; + Vi-1 A, T 1- V'A'»'+1-|-i
Both flows are modelled ag_;Ai_1; andvijA;; where X Vi Vi

Vi_1 is the lymph flow rate in compartment- 1 and Ai_1; +V1,iA1,i L+ pi TiT, )

is the dfective area between compartments1 andi. For Vi c+ T

the flow from the blood into the lymph vessels the flow rate., . . VictAitio, ViAo,

vy and the &ective aread;; are unknown. eri == dr T +Ai(1 - ung)TiTy + Vi T - V. T
To simplify and reduce the size of the model we use a VAL,

simple HIV infection model consisting of healthy T-cells, =y T (6)

denoted byT;, and infected T-cells, denoted @y. T-cells o
are supplied by rater in the thymus and then according to The last lymph compartment is given by the model
[9] discharged into the last lymph vessel that feeds into the

) | L « VUN-1AN-1N

heart. The T-cells and infected T-cells die with ratgsand ~ Tn =St — trTn — Bn(L — upén) TN TR + V—NTN—l
dr- respectively. y

. ; . . . WNA ViNA TNT

As in [4], in the case of an infection, the immune - NV N’lTN + 1"\“/ LN 1 +pNN—T'j, (7

system is stimulated to multiply T-cells with rate. This N N e+ NA

i i ion i i i ~ in s X w . YN-1AN-1N .,
effect is known as_mfectlon |_nduced proliferation. T c_eIIs N T = dr Ty + B — upén) T + —— e
compartment get infected with rate constapgt. Even if a VN
lymph vessel and a lymph node of the same volume have _VNAN,lT* + Vl,NAl,NT*. 8)
the same concentration of healthy and infected T-cells, an Ww N WN !

infection is less likely in the vessel due to its shape. W%
therefore assume that the infection rate in the blood and thé
lymph nodes is much higher than the infection rate in the The model can be simplified considerably using the as-
lymph vessels. Under HAART treatment£ 1) the infection sumptions that the lymph flow rate in all lymph vessels is
rate in compartmenit is reduced tQsi(1 — n&) wheren is  equal, i.ev; = v for all i. Together with the assumption that
the dficiency of the drug and; its relative dficiency in the volume of each compartment remains constant this yields
compartment. ViiAL = V(A1 — Azi) and SN, viiAgi = VAY: wherev

is the lymph flow rate of one metre per six days.

Simplifying Assumptions

B. Compartment model

Thus, the dynamics of the first compartment of the overafl, Simplified Compartment Model

system (blood) can be described by S
Hence, the simplified system becomes

T]_ = - dTTl —,31(1 - U)]f]_)TlTI
— ——— . . P1 TlT*
death infection Tl B(l- Ur]fl)TlTl C;'zrf 1
W AN’lT N viiA . TiT; L T2 Ba(1 - unfz)TzTé: c;?TzTi
+ VA N— IZ; A 1+p01 CT TI s ( ) Ts =0T - ﬁg(l - Ul]fg)TgTs + ﬁT3T3
inflow outflow proliferation T 1 : TT .
- — * P *
1= dr T + Aol — U TaT] N N = ) TNTY (=TT
T~ T T og —
death infection b
N r A Ani 7
AN, VAL, A 0 0 c. Au
+ TTN - Z I ITl . (2) 0 A2\,/31 Ags 0 \(/)1 Tl
M g 0 v, v o T,
inflow outflow + +vV A3\4\;3A2\3 AVL33 _ AVL: - 0 '|'3
Similarly, the first lymph compartment, i.e= 2, is modelled 0 . 0
as Sr ANJ*AN—lN 0 0 An-in _ Ang Tn
: . VoAg3 Vi2A1 2 L Vi Vn I ——
To=—0drT2—B2(1 - uné)ToT, - T2+ T1 T
V> V> Avrans
ToT, 3) 9)
+p2 =
c+T; and
. VoA Vi oA =y * *
Tp == dr T3+ Ball — unéa) ToT; — 2 Tp + =0Ty T" = —0r.T" + ¢ + VAransT (10)
2 2

4 whereT* is the vector of infected T-cells.



Description Parameter Value Unit  Ref. Note thatsr is the complete supply of healthy T-cells. This

Blood is 1 - - includes the supply from the Thymus, i&.for one lymph
LL;’nTpphhvlosizfs 'iLN g’i’g’g’ié{ - = compartment and inflow from other surrounding compart-
Lv >+, 0,0, - - . . .
Death rate forT dr 0.01 & (4] ments. (The mflow of infected T?cellls .from surroundmg
Death rate forT* dr 03 iy [4 compartments is neglected for simplicity. A perturbation
Infection in blood 1 174.10-3 mn? (4] analysns studymg_ the case of a_small |nfl¢v\supply_of
| o 3 s infected T-cells will be discussed in the next subsection.)
nfection in lymph nodes Bin 174-10° Tay - .
- 5 i The outflow out of the compartment is modelled by
Infection in lymph vessels Biy 1.74-10° Ty - dfT* wh f d d he fl loci d th
Drug efficiency n 0.9 - 4 @an T where f depends on the flow velocity and the
Relative dfic. in blood & 1 - [8] combined relative area towards neighbouring compartments
Relative dfic. in lymph &, &y 01 T Bl as for instance in the fourth right hand term of (1). Note
5 rfm"f?r'l'n b'ﬁ"dd - o 10 day ~  that the outflow rate fiects both species in the same way
Pr:)o";eerr'i'nnlynr:ph V';ZSZ‘T‘S P 'L (O. (’)‘5’5} day : but can vary between compartments. In contrast the death
509 proﬁi/ferpconst g 'év 345 ay 4] rates are dferent for healthy and infected T-cells but do
Supply rate forT S 50000 m:aday (4] npt cha?ge in dffrent Eompartpents. Setting (13*) to zero
Thus, the system has two equilibria. For the first dge= 0
TABLE I: Parameter values for simplified model and for the seconds = dro+f Substi’[utingT;l =T* into
(12) set to zero yieldSg; = dT% In order to study the
stability of this equilibrium the system is linearised andu
E. Parameter Values the equilibrium. The linearised system becomes (where

Note that most parameters have been adapted fromdanotes a perturbation in a variable)
similar model presented in [4]. They can be found in Table I. : ,
- ST\ _[-dr—f &5+ (6T
The areas between the compartments ifinf) and the ( )= dr+f 7 c(drt1) ( ) (14)

volumes of the compartments (inn¥) are given by oT” 0 —dr- - f+ d[iin oT”
C 04 [5-10° ] The first eigenvalue at-dr — f is negative asdy > 0
0.160 1-10° and f > 0. The second eigenvalue athr- — f + dﬁf’:f is
A 0.100 1-10° negative forgsr < (dy. + f) (dr + f). Thus, this equilibrium
2.3 0.100 A 7-10° (representing the uninfected body) is stable if and only if
Aga 0'100 Vs 2.1¢° Bsr < (dr- + f) (dr + f). Hence, if the infection rate or the
= 02100 , and S| = 15-10%|. (11) supply is too high or the death and outflow rates too low,
Asg11 0.100 V 3.1¢° the gquilibrium is unstable which means the infection is
A1 0.100 1l 120-10° persistent.
0.100 4-10° Using Tsz = = in (12) leads to
' 40-10°
| 0.101 5. 103 | " a Cc

T = _ZL P
. : 27 2(dr+f)B 2 28
Note that similar to the compartment model in [8] the

combined volume of all lymph compartments make up N o _c.r 2+c a (15)
approximately one percent of the overall body volume mod- 20+ ) 2 28 (dr-+ f)B

elled. Thus, only a small portion of the lymphatic system : . I

is considered exemplary. Due to simplifying modelling asyvhlerea_—ﬁ?—(dp; f)d(d:]+ ff)' Note th?jt th'sfeq;'“br]lum
sumptions such as a constant flow rate of the lymph a geX!StS hora > 'I't?r'] there lzrfsT > (dr + f) (dr + I). .
constant volume of all compartments, the areas between th&ne"Wise the equilibrium would be negative or complex. To

compartments have to increase very slowly to facilitate ?tudy the stability of the second equilibrium the system is

small inflow of liquid from the blood system inearised around the equilibrium. The resulting matrix is
I1l. BIFURCATION STUDIES —dr - f - BT, + ijizc (dr + f) (% - 1) (16)
2 * .
A. Simplified case without inflow of infected T-cells BT? ) ﬁé) .
s2

This section aims to investigate the bifurcation of steady _ . o
states in one single, simplified compartment model. Assumie eigenvalues of a:22 matrix are negative 'f
for simplicity the dynamics of one compartment can be , the trace is negativerdr — f — BT, + T2 - 0is

described by . e Tote
- equivalent too < (dt + f) % +pT, +pc, and
T=sr-hT-fT-4TT* +ps i (12) . the determinant is positive:
* +C *
. N . . B Ts +C
T =—dn.T - fT* +BTT". (13) ~BT¢, (dr + 1) (ﬁmw)z - l) > 0 impliesp < (—c)



108,

Thus, for choices op small enough the second equilibrium
is stable. The exact upper bound pfdepends on the 108k
equilibrium that depends gnitself. In casep does not satisfy = [—T
the stability conditions, the equilibrium is unstable. 10°¢
Note that this is a simplified model. For a more accurate 4
analysis a supply rate of infected T-cells will be added @ th 0% 1 2 3 4 5

following subsection. Fig. 2: Scenario 1 withp; = 0 for all i e ipn: Tj fori =1

B. Perturbation analysis for small inflow of infected T-sell (red), 2 (orange),--, N (purple)
In case the concentration of infected T-cells is non zero

in the neighbouring compartments, the dynamics of one 182 e
compartment can be described by (12) and 1;5 'i_::__:::;\
. *. LA
T =sp —dpn T = fT"+8TT" a7) F 1010 \ IIIIIIZIIIIIIIIIZ
15 D il Rttt
where sr. describes the combinedffective inflow of in- 1520 ‘ AN ‘ ‘
fected T-cells from neighbouring compartments. Assume tha 0 1 T? : 3 ) 4 5
. H _ ) ) ) Ime (years ) 3 i
sr- is very slow, i.e.sr = &. Fig. 3: Scenario 1 withp; = 0for all i e in: T fori=1

It can be shown that, in this case, the first equilibriunzred), 2 (orange),--, N (purple)
is a perturbed version of the first, healthy equilibrium in
Subsection IlI-A. Thus T, = z——G—. Assume thats
is much smaller theBTs; — dy- — T and we therefore can
simplify T_§,1 ~ e ThenTg; = Wjﬂ_%) It can be ShOWI.’I .
that the first eigenvalue of the linearised system matrix is
approximately-dr - f +&(8—2£=). Sincedr+f > 0 the eigen-
value will be negative for small perturbatioasThe second s started one year after the infection.
eigenvalue can be approximated byl — f + ﬁs{ﬁ,ﬁ) In the first scenario assume that infection does not stim-
Thus, for small perturbations and a low infection rate andlate T-cell proliferation, i.ep; = 0 for all i. Using the
supply of healthy T-cells compared to the combination ofpproximate results from Section Il we expect the infected
the death and outflow rates, the equilibrium is stable. No@quilibrium to be present for a ficiently high infection rate
that the compartment is “infected” as a small concentratioand supply rate. It is stable (if it exists) sinee= 0 andc = 0.

due to the static inflow of unhealthy T-cells remains. Simulations in Fig. 2 and Fig. 3 reveal that upon infection
The perturbed second equilibrium can be approximated f@fie infected equilibrium is stable and the concentration of
small st = & by T settles to an equilibrium. After starting the treatment,
T = a _c.r B is reduced, leading to the change towards the heathy,
27 2@ +f)B 2 28 now stable equilibrium. Hence, the concentration Tof
2 decreases. However, under the treatment, the concentratio
+ J(# _¢ + P 4 @ + sdT +f-p of T recovers. This leads to an increased supply of all
2(dr-+f)p 2 28 (dr-+ ) (dr-+1)B compartments. As soon as the supply rate is high enough

(18) in some lymph compartments the infected, again stable
where now we have = B(sr + &) — (dr- + f) (dr + f). Note equilibrium appears. Thus, the concentratiorT6fincreases
that again this equilibrium only exists far> 0 and therefore again and settles to a new equilibrium. In some compartments
B(sr + &) > (dr- + f)(dy + f). Otherwise the equilibrium the infected equilibrium after treatment f8gher than the
would be negative or complex. It can further be showinfected equilibrium without treatment such as in the 3rd,
that, similar to the unperturbed equilibrium, the perturbe4th and 5th compartment drawn in yellow, light green and
equilibrium is stable for dfiiciently small values of. green. Note that in the blood and the first lymph compartment

It should be noted that theftiirent compartments are cou-the dfective supply rate together with the reduced infection
pled and the outflow of one compartment appears as a suppite (due to the drug treatment) is low enough to maintain
to another compartment. Hence, studying the bifurcation d¢fie healthy equilibrium.

a single isolated compartment can only give partial results In scenario 2, see Fig. 4 and Fig. 5, we assume that in-
However, as we will see in the next section, this simplifiedection does stimulate T-cell proliferation in all lymphades
analysis is still suitable to explain some results that can of p; = 0.1 for i € iiy. Upon infection the system settles
observed in simulations. to the infected equilibrium that is stable in all compartisen
asp is small enough (or even 0) everywhere. As treatment
_ _ is started the infection rate is reducedffstiently in the

A. The Bect of Virus Induced Proliferation of T Cells blood for the healthy equilibrium to be stable. However,

In all scenarios we assume that the body is infected withthe lymph compartments remain at the infected equilibrium
single infected T-cell in the blood after one year. Treattmersince the treatment is iffective in the lymph system. This

IV. SIMULATION RESULTS AND |NTERPRETATIONS



108, 10°

10° BT ;
- 1W;| k k . 10°° [T s
e —_ £ g10 LV N R
10)’—\/— 10-15 "
I B I S e e U I
. ) . . Time gefars) R, .
Fig. 4: Scenario 2 withy; = 0.1 for all i eiy: T; fori =1  Fig. 7: Scenario 3 witlpi = 0.5 for'all i e ipn: T7 fori=1
(red), 2 (orange),--, N (purple) (red), 2 (orange),--, N (purple)
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Fig. 5: Scenario 2 witlp; = 0.1 for'alli ein: Ty fori=1  Fig. 8: Scenario 4 withp; = 0 for all i € iy: T; fori = 1
(red), 2 (orange),--, N (purple) (red), 2 (orange),--, N (purple)

equilibrium is shifted to a_lovyer con.centratlonbf In some respectively, Wheré'i# is the concentration of T-cells infected
lymph compartments while it remains almost unchanged Dith the mutant in compartmeritand 4 = 1020 is the
o_thers. .Thls beh?‘“_o“r cannot be fully explalned_usmg i utation cosicient. (Note that we take this extremely small
bifurcation analysis in Section Il as it seems to be influeghc value since we are assuming that at least 3 simultaneous
E); the ;upply rlate_ of* that has not been considered in the, iarions are required to confer resistance to all drugken t
ffurcation analysis. . . . . combination ART). As we assume that the mutant is resistant
In scenario 3 the proliferation rate is further increased 9 the treatment. the infection rafk here is not &ected by

pi = 05 fori € i. Simulations displayed in Fig. 6 and the treatment or its relativeffeciency in any compartment.

Fig. 7 reveal that even before commencing treatment the,. gimlicity we assumg; to be similar for the wild type
concentrations of healthy and infected T-cells start &g and the mutant. To model a fithess advantage for the wild

in some sma_ll compartment_s of the Iymphatic SVSterT?- Th. pe over the mutant we assume that the death rate of the
can be explained by observing that the infected equilibriu utant is higher than that of the wild type« = 0.5/day;

seems to be unstable in these compartmentsisgoo high. . - ) .
. P | 4 (sh Fig. Fig. I I
Thus, the states do not settle to the infected equilibriutm by n scenario 4 (shown in Fig. 8 and Fig. 9) a simple mode

o . without proliferation, i.e,o; = 0 for all i, is simulated. The
rather start oscillating. However, thisfect does not cause b 1

significant infection of T-cells in the blood 5 (red dashed _concentranon of T-cells infected with the_re3|stant mutan
L2 . ..~ increases upon the start of treatment while the number of
line in Fig. 7) remains low. Here, the healthy equilibrium

. T-cells infected with the wild type decreases rapidly. The
remains stable. . ;
overall number of infected T-cells seem to be approximately

B. Allowing Simple Mutation the same as before starting treatment. Further work is eede
for a detailed analysis of the system dynamics.

When setting the proliferation rate 9 = 0.1 in scenario
5 (shown in Fig. 10 and Fig. 11) the concentrationTdf
in most compartments (including the blood) decreases to a

When allowing mutation of the wild type of the virus
to a resistant variant the equations forand T;" of each
compartment are extended by adding the terms

-BTiT and +ugTTH, (19) similar steady state value reached in scenario 4 (i.e. with
104 ?_" 105 V.::::::“\:g:
g — g S
100 S 10715 A
 _ _ = E NPT PR ETY
4 i i i i i 25 Eermngd N e e e
0% 1 2 3 4 5 10775 1 2 3 4 5

ears)

Ti
Fig. 6: Scenario 3 withp; = 0.5 for alli e i n: Tj fori =1 Fig. 9: Scenario 4 withp; IrEe(Syfor alli € in: T (dashed)
(red), 2 (orange),--, N (purple) and T/ (dotted) fori = 1 (red), 2 (orange),-, N (purple)



108,

examined by simulating fferent scenarios considering dif-
108k ferent proliferation rates. This revealed that the preéifion
= — . rate might play a vital role in thefiect of HIV treatment.
10°E It was also shown that within fierent body compartments
104 ‘ ‘ ‘ ‘ ‘ different equilibria can be obtained. While in most simulated
0 1 2 3 4 5 scenarios the concentration of infected T-cells in the @loo

under treatment approached zero, it settled on a nonzero
value in most other compartments. In some cases the number
of infected T-cells under treatment was higher than without

16 treatment in some compartments of the body. Furthermore,
e W ot in some cases interactions between model compartments led

Fig. 10: Scenario 5 withy; = 0.1 for alli e i n: Ty fori=1
(red), 2 (orange),--, N (purple)

£ 10° to changes of equilibria without a change of treatment.
8 1015 These €fects have so far usually been neglected in the
= existing body of work on HIV models. However, the authors

10-25 ‘ ‘ ‘ believe that a better understanding of these compartments
0 1 2 3 4 5 . ; : X
_ _ _ Time (years) .. . f'ind their mteractlons might help to gaina better undeci?tan
Fig. 11: Scenario 5 witly; = 071 for all i € iin: T;" (dashed) ing of the infected body. In particular it might be poteriial
and T/ (dotted) fori = 1 (red), 2 (orange),--, N (purple)  important to explain phenomena such as the rapid temporary
increase of the viral load in the blood (known as viral “blijps
currently not covered by the existing models.

Further investigations and simulations as well as a val-
idation of the model are necessary to understand the role
of proliferation and the overall lymphatic system in HIV

0). However, in some small compartments of the lymphatimfection and treatment. For instance, it is necessary (but
system the concentration df* remains almost unchanged potentially very dificult) to validate the model and the model
upon the start of treatment despite the increased numbergdrameters used to describe the dynamics in the lymphatic
T#. The simulation results for the third compartment, i.e. thgystem. Further, it seems necessary to investigate whether
first and smallest lymph node, is shown in Fig. 12. a larger system with a more detailed network of lymph
vessels and nodes leads to a significantly better model of
the infected body. Using a more comprehensive HIV model
In this work we have proposed a HIV model consisting ofincluding for instance virus population, usingffdient in-
ten compartments describing several parts of the lymphatigction or proliferation models, allowing a supply of héit
system such as lymph nodes and vessels fiérint sizes T.cells in all compartment or considering a more detailed
and one compartment representing the blood. A simplifieghytation model including crossover mutations among other
standard model has been used to describe the interacti@&ensions) might also lead to a better understanding of
between healthy and infected T-cells in each compartmenke role of the lymphatic system in HIV infection. A more

While Fhe mer! in this paper and its parameters .c0U|d N@fetailed bifurcation analysis of the system might furthelph
be validated, it is based on basic, know_n properties of thg ynderstand the underlying dynamics.
anatomy of the human body (such as size and structure of
lymph vessels and nodes) and uses a well established model
to describe the dynamics of healthy and infected T-cells. [1] A-f S-t_PereLngB‘tP-T E. Iﬁirscnqnfr:' an(i_R-l JB-_De Boer, “qyﬁ;ﬂflggg
. . . . . - infection o cells,” Mathematical Biosciencesol. , .
A b'fur(.:atfon analysis r.eveals that in the S|m_pI|f|ed mode 2] M. A. Nowak and C. R. M. Bangham, “Population dynamicsmfiune
two equilibria (representing the healthy and infected fase  responses to persistent viruseSgience, New Serigsol. 272, 1996.
might be present. It was shown that the existence of tHel ﬁ' S. Perelson angF"\-A W. _Ne'so?'ﬂ\"atheTa“Ca'sa;:'ylfgz*gw'l
. e . o ynamics in vivo,” review vol. 41, no. 1, pp. 344, .
infected equilibrium and its stability depend on system,, £”x "\ cnandes-vargas and R. H. Middieton, “Modelings tthree
parameters such as death, supply, infection, flow and pro- stages in HIV infection,Journal of Theoretical Biologyol. 320, 2013.

liferation rate. The influence of the proliferation rate wagd] G. Pantaleo, O. Cohen, T. Schacker, M. Vaccarezza, CziGia
P. Rizzardi, J. Kahn, C. Fox, S. Schnittman, D. Schwartz, areg,

and A. Fauci, “Evolutionary pattern of human immunodeficienirus

V. DiscussIoNs
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