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Abstract

The main contributions of this dissertation are in the field of stability analysis of linear and
nonlinear two-dimensional systems. The study of stability of such systems is motivated by
the “string stability” or “platooning” problem: In order to achieve tighter spacing between
vehicles travelling one after the other in one direction, i.e. in a string or platoon, the
driver is replaced by an automatic controller designed to keep a specified distance towards
the preceding vehicle.

It is shown how such a vehicle platoon can be modelled as a two-dimensional system.
Here, two-dimensional refers to the fact that the system depends on two independent vari-
ables such as time t and position within the string k. However, two-dimensional systems
describing a vehicle string generically exhibit a singularity at the stability boundary. The
existence of this singularity at the stability boundary prevents application of most stabil-
ity criteria known in the literature, since this marginal case is almost always explicitly or
implicitly excluded.

Bounded-input bounded-output stability of linear continuous-discrete two-dimensional
systems is studied in the frequency domain paying particular attention to systems with
nonessential singularities of the second kind at the stability boundary. A two-dimensional
version of Parseval’s Theorem and the corresponding induced operator norm are derived.
The results are applied to a string of vehicles and sufficient conditions for string stability
are deduced.

Sufficient conditions for different forms of stability of linear two-dimensional systems in
the time domain are developed using a two-dimensional quadratic Lyapunov function and
linear matriz inequalities. It is shown that systems permitting a two-dimensional Lyapunov
function with a negative definite divergence are exponentially stable.

It is proven, however, that two-dimensional systems with a singularity at the stability
boundary (such as two-dimensional descriptions of vehicle strings) cannot satisfy the re-
quired conditions for exponential stability as the divergence of the Lyapunov function can
never be sign definite. If the divergence is only negative semidefinite, stability of the system
can be guaranteed. Provided additional conditions on the Lyapunov function and the initial
conditions are satisfied, asymptotic stability of systems whose Lyapunov functions have a
negative semidefinite divergence can be shown.

Ezxtending the results mentioned above, sufficient conditions for stability, exponential
stability and asymptotic stability of nonlinear two-dimensional systems are deduced. Sim-
tlar to the results on linear two-dimensional systems, exponential stability can be guar-
anteed if the divergence of the Lyapunov function is strictly negative. For systems with
merely nonpositive divergence stability is also shown. Asymptotic stability of nonlinear
two-dimensional systems can be proven if not only the initial conditions but also the Lya-
punov function itself and the state space equations satisfy additional smoothness conditions.
Instead of a quadratic Lyapunov function, a wider class of Lyapunov functions is allowed
in the proofs of stability of nonlinear two-dimensional systems. The notion and theory of
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(integral) input to state stability is used instead of linear matrixz inequalities to derive the
results.

All proofs and results for the stability of linear and nonlinear two-dimensional systems
in the time domain are given in a unified notation, studying systems with continuous and
discrete independent variables simultaneously.

The theoretical results on linear two-dimensional systems are used to analyse the (string)
stability of a linear unidirectional homogenous string with different time headways and com-
munication range 1 and 2. The stability results for nonlinear two-dimensional systems are
applied to rigorously prove string stability of a nonlinear string with variable time headway.
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Introduction: A Motivating Example

The platooning problem is used here as an introductory example to motivate
the study of two-dimensional systems in general and continuous-discrete two-
dimensional systems in particular.

One of the most remarkable changes of modern times is the increased mobility, both
in a private but also commercial context. Due to significant advances in the automotive
industry cars became affordable for large parts of society and are now an essential part in
the daily lives of many. Increased mobility has brought many advantages but also led to an
increase in pollution and, in many places, a capacity overload of the existing infrastructure,
despite many efforts to build and expand roads.

In general different methods are known to model the traffic on roads or highways. In
a “macroscopic” system description the traffic is characterised similar to a flow or fluid.
Measurements such as the vehicle flow or the traffic density (number of vehicles passing
a certain point or stretch of road per unit of time), or the average speed of vehicles are
used to analyse the traffic flow. Another approach is to model the dynamics of individual
vehicles and the influence of the surrounding motor vehicles’ movements on the vehicles’
behaviour. In contrast to the approach mentioned above this is sometimes referred to as a
“microscopic” system description.

Some fifty years ago researchers started to investigate ways to allow higher traffic
throughput without expanding the existing road network. One of the proposed solutions
first seemed simple and intuitive: Instead of allowing drivers to navigate their vehicle freely
and independently on the roads, cars and trucks were to be organised in a string or “pla-
toon”. Every vehicle should then follow its predecessor and keep a prescribed close distance
to it, whereas the first vehicle is to follow an independent reference. To minimise reaction
times and thus to allow tighter spacing the cars would not be driven by human drivers but
automatic controllers.

As the platooning problem focuses on a string of individual vehicles trying to maintain
a specified distance to surrounding cars (or a reference) usually microscopic models are
applied to describe the dynamics of vehicle platoon. Here, we will focus on the longitudinal
dynamics only, ignoring manoeuvres like overtaking or lane changing. We also assume
throughout this work that the platoon maintains its structure at all times. Thus, we do

not consider the possibility of cars joining or leaving the platoon.
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Figure 1.1: Platoon / String of N vehicles

Typically it is assumed that only the torque or the acceleration of a passenger car or
heavy duty vehicle can be controlled directly — in contrast to the vehicle’s velocity or

position. Hence, we will use the acceleration as the input of our vehicle model

2 (t) = dr(1), (1.1)
bk (t) = (1) — Caldn(t)|0x(2), (1.2)

where 2 (t) is the position of the kth vehicle in the string at time ¢, 05 (t) its velocity, G (t)
the assigned acceleration (the output of the local controller and the input of the vehicle or
plant model) and Cy the drag coefficient. Throughout, we will adhere to the convention
that local variables are denoted with “"”. Neglecting time delays and linearising the model
around the steady state velocity vy > 0, the Laplace transform of the simple plant model
(1.1)-(1.2) yields

P(s) =

In its simplest form every vehicle should keep a fixed distance %4 to its predecessor and

1

. 1.3
s2 4+ 2Cqups (1.3)

thus minimise the local error
éx(t) = Tp—1(t) — Tk (t) — Zq. (1.4)

Now, deriving a stable controller (here a common PID controller) that minimises the
location error between vehicles is, in most cases, a straight forward task. However, it
became clear that this only covers one important aspect of the overall system dynamics: If
a small disturbance is applied to the first vehicle in the string (or its reference), the local
controller will aim to adjust the acceleration in order to minimise the local error. That
will lead to a small deviation of the vehicles velocity and its relative position towards its
follower. This transient then is a disturbance to the second vehicle in the string as its local
controller also aims to maintain a specified distance to the leading vehicle. The disturbance
response of the second car will act as a disturbance to the third vehicle’s dynamics and so
on. Thus the disturbance will travel down the string, i.e. from each car to its follower.

In some system settings — even though all local errors decrease to zero over time — the
peek value of the local error grows without bound when the disturbance travels down the
string. This effect became known as the “slinky effect” or “string instability”, Chu (1974);
Peppard (1974).

In the 1960s a similar problem was observed in supply chains, as discussed in Forrester
(1961). It was thus called the “Forrester effect”, or, later “bullwhip effect”: Businesses



attempt to forecast demand in order to plan inventory and other resources. A ‘“safety
stock” is maintained to buffer forecast errors. Each member of the supply chain, from
end consumer to raw materials supplier, experiences greater fluctuation in demand and
therefore needs a greater safety buffer. If the demand increases down-stream, members
upstream will increase their orders. If the demand decreases, orders fall or even stop, and
the inventory is not reduced. Hence, variations are amplified as one moves in the supply
chain from the end customer to the raw material suppliers. A block diagram of a common
form of a production control system is given in (Disney et al., 2004, Fig. 1).

Similarly, imagine a chain of water reservoirs where the water flow from the kth pool
is the inflow of pool k£ + 1. If a controller with an integral component is used to regulate
the water level independently of the inflow by adjusting the outflow, the result will be a
chain of homogeneous systems with two integrators in the open loop. It is precisely this
structural property that leads to the aforementioned slinky effect, Li et al. (2005).

Different approaches have been applied to analyse string stability. A common ansatz
is to apply the Laplace transform with respect to time ¢ and to study the dynamics of
the kth vehicle in the frequency domain. Usually the aim is to minimise the infinity norm
of the transfer function that describes how the Laplace transform of the local error Ej(s)
depends on its predecessor’s error Eyq (s). Other attempts to study the platoon dynamics
include the elimination of the index & (by applying the Z transform with respect to k) and
the study of the poles of the resulting transfer function in z, as well as using graph theory
and even partial differential equations. (For details and references please see Section 2.2.4.)

Note that in the platoon system description used so far the state variables depend on
one independent continuous variable, the time ¢, and an index k. However, every local state
variable, such as éi(t), may also be described as a two-dimensional variable é(¢, k). In this
context, two-dimensional (2D) thus refers to the fact that the variable depends on two
independent variables, e. g. the continuous time ¢ and the discrete position or location k.

However, what appears to be only a simple change of notation, yields significant ad-
vantages. As we will see later different methods derived for two-dimensional systems in
general can now be applied to study the platooning problem. For example the analysis of
systems where vehicles know not only the position of their direct predecessor but a group
of several predecessors can easily be applied in the two-dimensional setting by extending
the state space accordingly.

Changing the system description from a one-dimensional into a two-dimensional system
will also change the notation of “stability” and “string stability”: Whether an indexed one-
dimensional system with variables of the form éi(¢) is string stable is now equivalent to the
two-dimensional system with variables of the form é(¢, k) being stable. While stability of
two-dimensional systems will be properly defined later, we simply note at this point that
it requires all states to be bounded for all ¢t and k. Consequently, if a string is stable in the
two-dimensional sense, the bound for variables in the indexed one-dimensional description

is independent of the position k. Thus the system is string stable.
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The characterisation of vehicle strings as two-dimensional systems also involves some
disadvantages and limitations. For example a heterogeneous string with different dynamics
for each vehicle in the string cannot easily be modelled as a two-dimensional system. Also
bidirectional systems where the local errors both towards the preceding and the following
vehicle are used cannot be analysed without difficulty. In a bidirectional setting the last
vehicle does not have a follower and thus no local error towards its follower exists. Hence,
either an additional reference signal acting as the fictitious N + 1st vehicle has to be
introduced or the dynamics of the last vehicle depend on the error towards its predecessor
only. In both cases the last element in the string (either the additional reference or the
last vehicle) act differently compared to the other vehicles in the string. Hence, a string of
N vehicles cannot be seen as a truncation of an infinite string. Since the two-dimensional
model allows both directions ¢; and t5 to grow without bound, it is not suitable to describe
vehicle strings with bidirectional communication settings.

The main challenge when analysing vehicle platoons as two-dimensional systems, how-
ever, lies in an important structural singularity: Assume that the local state space variables
of the kth vehicle (such as its position &(t, k), velocity 0(t, k) and controller states) are sum-
marised in the vector @1 (t, k) € R™ and the position of the preceding vehicle Z(t, k — 1),
that is used as a reference for the kth vehicle, is set to be the scalar & (¢, k—1) = z5(¢, k) € R.

The overall two-dimensional system can be described by

@1 (t,k) \ Lz (t,k) 1A b | (&t k) (L5)
Azy(t,k))  \wa(t,k+1) —2a(t, k)] |e —1| \aa(t,k)) '

Assuming that the initial conditions x1(0, k) = 0 for all k¥ and applying the Laplace trans-

form with respect to the continuous time ¢ yields

Xo, (s,k+1) = (c (sI— A)~" b) Xo, (s, k) (1.6)
=:T'(s)
with Xs, (s, k) = L{z2(t, k)}. Thus,
X, (s,k) = TF(s)L{xa(t,0)}. (1.7)

Assume further that the desired distance 4 is set to 0 for simplicity and a simple step
response is chosen as a reference, £{x2(¢,0)} = 1/s. Since this is the reference (position)
signal for the first vehicle, the system has to be designed such that the position &(t,1)
converges to 1 for ¢ — co. Consequently, this leads to lim; ,~ &(¢, k) = 1 for all k. Thus,
using the final value theorem, equation (1.7) becomes

1
. T T kroat
tlggo xo(t, k) = lim sXo, (s,k) = 21_}1% s (s)—. (1.8)

s—0 S

Therefore, I'(s) has to be chosen such that I'(0) = 1. However, applying the Laplace

transform with respect to ¢ and the Z transform with respect to & in (1.5) yields

<X1(5,2)> _ [SIA b] - <Z{m1(0,k)}> | w9)
Xo(s, 2) —c z 2L{x2(t,0)}



For a formal definition of the Laplace-Z transform (a combination of the Laplace transform
with respect to ¢t and the Z transform with respect to k) and its properties see Section 3.2.
Note that the determinant of the matrix above can be transformed using the Schur com-

plement into

det <lSI:CA _zb] ) =det (z —c(sI—A)"! b)

=det (z —T'(s)). (1.10)

Thus, the matrix is singular for s = 0 and z = 1. This is called a singularity on the stability
boundary (SSB). Note that this is a structural property of a two-dimensional system de-
scribing a vehicle platoon and not a consequence of string instability. A discussion for the

more general problem with a non scalar s € R™?, ng > 1 can be found in Section 3.5.1.

As we will discuss in more detail later in Chapter 2 almost all conditions for stability of
two-dimensional systems known in the literature explicitly or implicitly exclude this case
and the results therefore cannot be used to determine stability of two-dimensional systems

with singularities on the stability boundary in general and vehicle platoons in particular.

Therefore, our aim is to study the stability of two-dimensional systems, explicitly in-
cluding these marginally stable systems. Note that we primarily focus on the analysis of
two-dimensional systems rather than engage in detailed discussions on how string stability
can be achieved in a practical setting. However, the string stability problem will be used

as an example throughout this work to illustrate our findings.

We will start by examining the existing literature on string stability, stability of linear
and nonlinear two-dimensional systems and some results on input-to-state stability (ISS)
used to discuss the stability of nonlinear two-dimensional systems later. In Chapter 3 we
will then examine the stability of linear two-dimensional systems in the frequency domain
after applying the combined Laplace-Z transform to obtain a two-dimensional variable in
the frequency domain that depends on the two complex variables s and z. Strictly speaking,
we will examine the poles of the resulting two-dimensional transfer function and thus study
bounded-input bounded-output (BIBO) stability of linear two-dimensional systems. It will
be revealed that although this approach simplifies the string stability discussion of linear
two-dimensional systems, it requires a detailed and extensive examination of the singularity
on the stability boundary. Therefore, Chapter 4 is dedicated to deriving conditions for
stability, asymptotic stability and exponential stability of linear two-dimensional systems
in the time domain using linear matrix inequalities (LMI). A unified approach will be used
to study the stability of continuous-continuous, continuous-discrete and discrete-discrete
two-dimensional systems simultaneously. To complete this work, we will extend the results
obtained for linear systems and derive stability conditions for nonlinear two-dimensional

systems based on the notion of input-to-state stability (ISS) in Chapter 5.
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Please note that a small figure of a group of six grey circles and a diamond can be
found on the bottom right corner of each odd page of this dissertation. These figures
are meant to be used as a flip book illustrating a string of six vehicles (grey circles)
where the leading vehicle is following a ramp reference (diamond) and each vehicle aims to
maintain a fixed distance towards its predecessor or the reference signal. As this will lead
to string instability, the local errors will grow with the position within the string, causing
the last vehicle in this simulation to crash into its predecessor (see for instance the figure

on page 43).



CHAPTER 2

Literature Review

The second chapter reviews related work reported in the literature and puts the
thesis into the context of existing research. In particular, we discuss the areas
of string stability, stability of linear and nonlinear two-dimensional systems and
(integral) input-to-state stability.

Chapter contents

2.1 Introduction . . . . . . ..
2.2 String Stability . . . . ...

2.3 Linear Two-Dimensional Systems . . . . . . . . . .. ... ... . 12
2.4 Nonlinear Two-Dimensional Systems . . . . . . . ... ... ... ... . ...... 18
2.5 Input-to-State Stability . . . . . ... o 19
2.6 Conclusion . . . . . .. 20

2.1 Introduction

As the string stability problem will be used to illustrate our main results on stability of
two-dimensional systems, we will begin this chapter with reviewing the related literature
on string stability and platooning. As the nature of this work is mainly theoretical we will
focus on reviewing the main ideas and challenges of the platooning problem and known
approaches to guarantee string stability. However, papers concerning the real world appli-
cation of platooning will be mentioned briefly.

We will study the stability of linear two-dimensional systems in the frequency domain in
Chapter 3 and in the time domain in Chapter 4. Even though our research was motivated
by the string stability problem, a number of other applications can also be modelled as
linear two-dimensional systems in general and linear discrete two-dimensional systems in
particular. This led to significant advances and a wide range of publications on the stability
theory for linear two-dimensional systems. The publications most closely related to our
work are reviewed in Section 2.3. Since every linear two-dimensional system describing
a vehicle platoon will exhibit a structural singularity at the stability boundary adding to

the complexity of the stability theory of this field, special care is needed to distinguish

@)
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between results that do and do not include systems with such singularities at the stability
boundary.

In stark contrast to the wide study of linear two-dimensional systems, few publications
discussing the stability of general nonlinear two-dimensional systems are available. They
are discussed in Section 2.4. The stability results for nonlinear two-dimensional systems in
Chapter 5 will aim to advance the stability theory of such nonlinear systems. As they are
based on the notion of “input-to-state stability (ISS)” and “integral input-to-state stability
(iISS)” related literature to this stability concept for nonlinear systems is reviewed in
Section 2.5.

2.2 String Stability

2.2.1 General Ideas and Notation

Since the 1960s researchers pursued the idea of arranging a group of moving vehicles
into formations called “platoons”. The aim was and is to achieve tight spacing between
the vehicles and therefore increase traffic throughput and safety while, at the same time,
decreasing costs and fuel consumption. To do so, human drivers are replaced by automatic
controllers. While the first vehicle in the string should follow a given trajectory or reference
signal, every successive vehicle is required to maintain a specified distance to its predecessor.

Since the publication of Levine and Athans (1966) research in the area has advanced
significantly. As many different variations have been discussed since then, a brief overview
of the concepts and common notation will be helpful before presenting the most important

contributions in the field.

Homogeneity and Heterogeneity This characterisation of vehicle platoons describes if the
model of the individual vehicle in the string is the same for all vehicles (homogeneous),
e.g. Chu (1974), or depends on the position in the string (heterogeneous), e. g. Lestas
and Vinnicombe (2007). Heterogeneity can be a result of allowing a range of cars
with varying vehicle dynamics in the same string as well as a desired consequence
of designing a differing controller for each vehicle. However, as we will discus later,
this effect might not be desirable from a string formation or coordination viewpoint
and it is not clear how heterogeneity helps to solve the underlying problem of string

instability.

Communication Range The communication range determines the amount of information
available to the local controller of each vehicle. The system settings used most

commonly are:

— Full access: All states of all vehicles in the string are available to every individual
vehicle in the string, e. g. Melzer and Kuo (1971).
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— Reference or steady state information: Some researchers implicitly or explicitly
use the desired steady state velocity or position of the vehicle by using the
relative velocity or position (to the desired or steady state value) as an input
for the controller, e. g. Peppard (1974).

— Leader information: Instead of the reference information, some dynamic states
of the leading / first vehicle of the string (such as its velocity v; or acceleration a;)
are broadcast to every vehicle in the string and used to compute the local control
signal, e.g. Sheikholeslam and Desoer (1990). Note that in some publications
the term “lead vehicle” is used to denote to the direct predecessor. In order to
avoid confusion we will use the term “lead” only to refer to the first vehicle of

the string and “predecessor” for the direct neighbour in front of each vehicle.

— Local information: The relative position, velocity or acceleration error towards
the members of a limited group of surrounding vehicles is used. In “unidirec-
tional” settings only the relative information of preceding vehicles is used, see
e.g. Darbha and Hedrick (1996), whereas in “bidirectional” strings state infor-
mation of both preceding and subsequent vehicles is required, e. g. Barooah et al.
(2007).

Often, however, combinations of these concepts are employed.

Linear and Nonlinear For both vehicles and controllers linear and nonlinear forms and
descriptions have been presented in the literature. For an example of a fully linear
system description see Eyre et al. (1998). A general nonlinear system description can
be found in Sheikholeslam and Desoer (1992).

Spacing Policies Usually the local control objective is to maintain a constant or velocity-
dependent inter-vehicle distance (“time headway approach”), e. g. Sheikholeslam and

Desoer (1990) or Chien and Ioannou (1992), respectively.

2.2.2 The Platooning Problem and String Stability

One of the earliest discussions of the realisation of vehicle platoons can be found in Levine
and Athans (1966) where the stability of a string of a finite number of vehicles is discussed.
Simulations are presented for a platoon of three vehicles but the more general problem
of “string instability” is not yet discussed. In Melzer and Kuo (1971) an infinite string
of vehicles is studied. However, the authors use a centralised controller requiring the
knowledge of the complete state space of all vehicles.

The study of “string stability” itself, i.e. the boundedness of the error states of the
kth vehicle within the string independently of k, began with two publications in 1974: In
Peppard (1974) the author notes that

O
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For these systems, string stability, or the property of the vehicle string to attenu-
ate disturbances as they propagate down the string, is an important performance
criterion.

This was probably the earliest informal definition of “string stability”. Realising that string
stability can always be achieved when the position within the string is known, Peppard
(1974) designed a local PID controller using only the relative position error to the nearest
two neighbours and the velocity error. The fact that for linear systems the magnitude of
the transfer function from vehicle k — 1 to k (| X% (jw)/Xk—1(jw)|) needs to be less or equal
to 1 for all w in order to guarantee string stability is used. Shortly afterwards, stability of
an infinite string of vehicles was discussed in Chu (1974), informally defining string stability
as the requirement that the errors must be bounded for all k for any set of bounded initial
conditions. The author than presents six different communication settings and discusses
string stability and performance criteria for them. It should be noted, however, that most
approaches discussed in these two papers require at least the knowledge of some reference

information since the relative velocity towards the steady state or reference velocity is used.

The first formal definition of “l, String Stability” was given in Darbha and Hedrick
(1996) requiring an upper bound on the [, norm of the states of the entire string for all
t for a given bound on the I, norm of the initial conditions. Two years later, Eyre et al.
(1998) proposed three different definitions of string stability requiring the norm of the
output error to be smaller than the norm of the input error.

It has been shown in Seiler et al. (2004) and Barooah and Hespanha (2005) that it is
not possible to achieve string stability in a homogeneous string of strictly proper feedback
systems when only using information of the states of the nearest neighbours, linear systems
with two integrators in the open loop of each subsystem, and constant inter-vehicle spacing
independently of the particular plant or controller model in place.

Different strategies have been proposed in the literature to guarantee string stability: In
Chien and Toannou (1992) string stability was guaranteed using a sufficiently large velocity
dependent distance or “time headway” instead of a fixed inter-vehicle distance. The desired
separation between the kth vehicle and its predecessor was now the product of a fixed
time headway h and the speed vy (t), which thus grows linearly with the velocity. This
approach was later extended in Yanakiev and Kanellakopoulos (1998) proposing a variable
time headway that gives a nonlinear two-dimensional system. In Eyre et al. (1998) string
stability and performance of systems without time headway, with fixed time headway and
with variable time headway were compared and analysed.

When a constant spacing policy is required, however, string stability can be guaranteed
using suitable information of the lead vehicles dynamics. Different communication settings
and a discussion which states of the lead vehicle are necessary to guarantee string stability
can be found in Darbha et al. (1994).

Another approach is to use a heterogeneous string structure. In Khatir and Davison

(2004) a design for a local controller that depends on the position k& was presented. Even
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though uniformly bounded local errors could be guaranteed, it should be noted that the
control parameters do grow linearly with k£ and thus are unbounded for an infinite string.
In Shaw and Hedrick (2007) it was shown that a heterogeneous string is string stable if the
local transfer function |G (jw)| is less or equal to 1 for all w and k. Later in Middleton and
Braslavsky (2010) an infimal average time headway was derived to permit heterogeneous
string stability.

Although most researchers have worked on linear string models to analyse string stabil-
ity there are also some results for nonlinear systems. In Sheikholeslam and Desoer (1992)
the authors prove that strings of nonlinear systems using the lead velocity, the lead accel-
eration and local measurements are string stabile if the inputs vary sufficiently slow. In
Darbha and Hedrick (1996) a global Lipschitz condition is used to guarantee string stability

of nonlinear systems with sufficiently small Lipschitz constants or “weak coupling”.

2.2.3 Application Papers

While most of the literature reviewed so far is of a predominantly theoretical nature it
should be noted that a large body of work dealing with applications and practical problems
also exists. Since the main focus of this thesis is to extend the theory of two-dimensional
systems, we will only review a small sample of articles investigating real world road traffic,
human driver models and difficulties in the implementation of platooning.

One of the first human driver models appeared in Chandler et al. (1958). Later contri-
butions include Burnham et al. (1974) and Gipps (1981). In the review paper by Brackstone
and McDonald (1999) it was shown, however, that the parameters of these models differ
significantly, leading to the conclusion that an adequate driver model may not yet have
been found.

Even though most papers deal with the theoretical aspects of string stability analysis,
some researchers have used more detailed and accurate truck models, e.g. Chien and
Toannou (1992); Hedrick et al. (1993); Yanakiev and Kanellakopoulos (1998).

The effect of communication delays on string stability (which are typical real world
phenomenon) was discussed for example in Liu et al. (2001) and Ploeg et al. (2011) while
other problems relating to the real world implementation of platooning are discussed in
Varaiya (1993); Hedrick et al. (1994); Tan et al. (1998); Zhang et al. (1999).

2.2.4 Analysis Methods

Different methods and mathematical concepts have been used to analyse string stability.
Since most models considered are linear, the Laplace transform with respect to time t has
been widely used to study the stability of a string in the frequency domain. Examples
can be found in Sheikholeslam and Desoer (1990); Eyre et al. (1998); Stankovié et al.
(2000); Seiler et al. (2004); Barooah and Hespanha (2005). However, some researchers also

employed the Z transform with respect to the discrete variable k, e.g. Melzer and Kuo
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(1971); Chu (1974). Graph theory was used in Lestas and Vinnicombe (2006) to study the
stability of a more general string. Barooah et al. (2009) approximated the string dynamics
as a partial differential equation to study the string stability of strings with bidirectional
communication settings.

As we will show later, there is yet another method to analyse whether a platoon of
vehicles is string stable: The system can be modelled as a two-dimensional system, treating
the index k as a discrete variable. Thus the indexed platoon system with state 2 (¢) is
transformed into a continuous-discrete two-dimensional system with state Z(t, k). Since,
as we shall see, this is a suitable reformulation of the problem, it is important to review

some of the literature relating to the stability of two-dimensional systems.

2.3 Linear Two-Dimensional Systems

In this section we will review relevant literature on the stability of linear two-dimensional
systems. Here, “two-dimensional” refers to the fact that functions and variables depend not
only on one independent variable (such as time or space) but on two completely independent
variables. Although, in general, three types of two-dimensional systems exist (i.e. discrete
two-dimensional systems depending on two discrete variables; continuous two-dimensional
systems depending on two continuous variables; and continuous-discrete two-dimensional
systems depending on one continuous and one discrete variable), most research appears to
focus on linear discrete two-dimensional systems due to a broad range of applications that
can be modelled using this type of system.

Since linear two-dimensional systems have been studied in a very comprehensive way,
there exists a large number of publications in the field. We will therefore focus only on
stability of two-dimensional systems rather than stabilisability, controllability or controller
design. Note that the most important results on the stability of two-dimensional state

space models are also summarised in Bouagada and Van Dooren (2011).

2.3.1 Linear Discrete Two-Dimensional Systems

Two-Dimensional Models

Linear discrete two-dimensional systems can be modelled in different ways. Here, we will
restrict the review to the most commonly used forms.

A model which is used mainly to study input-output stability is

num(zy, 22)

Y(Zl,ZQ) = W(Zl,ZQ) (2.1)

den(z1, 22)
N— e
G(2z1,22)

where Y (21, 22) is the output, W(z1, z2) is the input and G(z1, 22) is the transfer function

of the system in the frequency domain. Thus the variables depend on the two complex
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variables z; and zo. The denominator den(zy, z2) is called “characteristic polynomial” of
the system. This system description has been used for example in Shanks et al. (1972).
One of the best known explicit state space descriptions for two-dimensional discrete

systems appeared in Roesser (1975):

zi(k+1,0)\ A1 Az| [zi(k]) B;
<m2(k:,l+ 1)) B lAg AJ <m2(k,l)> + <BQ> u(k, 1) (2.2)
A B

J:l(k, l)

yl1) = & @}( l)>+Du(l<:,l) (2.3)

T2k,
where x1(k,l) € R™, x3(k,l) € R™ and the dimensions of A, B, C, and D are chosen
appropriately.

Two well known models were introduced by Fornasini and Marchesini. They are typ-
ically referred to as Fornasini-Marchesini’s first model (FM1), Fornasini and Marchesini
(1976):

z(k+1,14+1) =Acx(k, )+ A1x(k + 1,1) + Asx(k,l + 1) + Bu(k,l) (2.4)
y(k,l) =Cx(k,l) (2.5)

where x(k,l) € R, as well as Fornasini-Marchesini’s second model (FM2), Fornasini and
Marchesini (1978):

zk+1,1+1)=A1x(k,l+ 1)+ Asx(k+ 1,1) + Biu(k,l + 1) + Bou(k + 1,1)
(2.6)

y(k, 1) =Cx(k,1) (2.7)

with x(k,l) € R™. Note that the Roesser model and the Fornasini-Marchesini models can,
however, be transformed into each other, Eising (1978). A corresponding input-output
function also exists for each state space model if a suitable output equation exists. The
transfer function of the two complex variables z; and z can be deduced after applying the
7Z-7 Transform with respect to k& and [, respectively.

Another (general) model appeared in Kurek (1985); a general model for singular two-
dimensional systems can be found in Kaczorek (1988).

A special case of linear discrete two-dimensional systems are linear discrete repetitive
processes. In these systems the second discrete variable specifies iterations. Since a new
iteration can only start when the previous iteration has finished, the first variable (describ-
ing the time ¢) is usually assumed to be in the range between 0 and the “pass length” «.
Also, the initial conditions for a new iteration may depend on the profile of the previous
passes. Thus the stability analysis of theses systems inherits some important properties
of general two-dimensional systems, but differs in some aspects. Even though repetitive
processes are mostly described using a special state space description, this formulation can
be transferred into the Roesser model, Galkowski et al. (1999).
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Input-Output-Stability

One of the earliest discussions of stability of linear discrete two-dimensional systems
was presented in Shanks et al. (1972). They claimed that the system given in (2.1) is
bounded-input bounded-output (BIBO) stable if and only if the characteristic polynomial,
den(z1, 22), has no zeros in the closed unit bi-disc U? = {(z1, 22) : |21| < 1, |22| < 1}. This
led to different stability tests proposed in the literature, such as in Huang (1972) and
Anderson and Jury (1973).

In Du et al. (1999) the authors extend theses results by showing different versions of
the Bounded Real Lemma (BRL) for the discrete Fornasini-Marchesini second model. The
noise attenuation (i.e. the upper bound of the norm of the output signal depending on
the norm of the noise input and the initial / boundary conditions) can be obtained by
solving a linear matrix inequality (LMI). A similar result (in combination with a suitable
controller design guaranteeing a specified “ H,, performance”) for discrete Roesser models
was presented in Du et al. (2001). (These and other related results on Ho, control and

filtering of discrete two-dimensional systems have been summarised in Du and Xie (2002).)

Stability of the Fornasini-Marchesini Models

In Fornasini and Marchesini (1978) the authors proved asymptotic stability for FM2. A
straight diagonal separation set or “contour” and its norm ||X,| = sup,cz |®(r — n,n)|
is defined. For u = 0 and ||| < oo the system is asymptotically stable in the sense
lim, o ||Xr]] = 0 if and only if the characteristic polynomial is not zero for any (z1, z2)
in U2.

An extension can be found in Fornasini and Marchesini (1980). Here the authors prove
asymptotic stability using a more general contour using the linear matrix inequality con-
straint requiring a positive definite Hermitian solution P(w) for all real w. An alternative
proof of this condition was published in Cook (2000).

Shortly afterwards it was shown in Pandolfi (1984) that for exponentially decaying ini-
tial conditions the system is exponentially stable if and only if the characteristic polynomial
is devoid of zeros in U?2.

Based on the necessary and sufficient condition on the characteristic polynomial to be
devoid of zeros in U2, a sufficient LMI based conditions for asymptotic stability was derived
in Hinamoto (1993) providing the first LMI condition for FM2 with constant coefficients.

Necessary and sufficient conditions with constant coefficients for asymptotic stability
using a “guardian map” were later presented in Ebihara et al. (2006).

Although the second model of Fornasini-Marchesini has attracted most attention, a
necessary condition for asymptotic stability for Fornasini-Marchesini’s first model appeared
in Bose and Trautman (1992). In this analysis, the initial conditions are considered to
satisfy x(k,0) = 0 for £k > K and «(0,!) = 0 for | > L for some K, L < cc.
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A different sufficient LMI condition for asymptotic stability was developed in Kar and
Singh (2003). LMI based necessary and sufficient conditions for asymptotic stability can
also be found in Zhou (2006).

Stability of the Roesser Model

Using the state space description by Roesser, it was claimed in Lodge and Fahmy (1981)
that the characteristic polynomial den(z1, z9) fulfills Shank’s stability criterion if and only
if there exists a positive definite, symmetric matrix P = P; ® P5, where ® denotes the
direct sum, i.e. P, @ Py = diag{ Py, Po}, P, € R™*"™ and P, € R"2*"2 such that

ATPA-P=Q<0. (2.8)

An additional stability test based on these results appeared in Lu and Lee (1985). However,
Anderson et al. later showed that, in general, the existence of such a P is sufficient but
not necessary for stability, Anderson et al. (1986).

Necessary and sufficient conditions for asymptotic stability of positive two-dimensional

systems described by the Roesser model were discussed in Kurek (2002).

Stability of Linear Discrete Repetitive Processes

In Galkowski et al. (1999) the authors study the stability and controllability of discrete
repetitive processes modelled in a form similar to the Roesser model. The system is then
transformed into a one-dimensional model and conditions for controllability for a certain
kind of dynamic process initial conditions are derived. It was shown in Galkowski et al.
(2002), that for linear discrete repetitive processes with known constant initial conditions
and a finite pass length «a, the same sufficient LMI condition for asymptotic stability as
published in Lodge and Fahmy (1981) holds. These results can also be found in greater
detail in Rogers et al. (2007). A version of the Bounded Real Lemma (BRL) for discrete
repetitive processes as well as sufficient conditions for the design of suitable output feedback
controller are introduced in Wu et al. (2007).

2.3.2 Linear Continuous Two-Dimensional Systems

For continuous two-dimensional systems similar results as for discrete two-dimensional sys-
tems have been presented in the literature. Stability conditions for the two-dimensional
transfer function G(s1, s2) = num(sy, s2)/den(sy, s2) appeared in Ansell (1964): The corre-
sponding continuous two-dimensional system is BIBO stable if G(s1, s2) is devoid of poles
with nonnegative real parts of s; and sy (i. e. the characteristic polynomial is a “very strict
Hurwitz polynomial”, there are no poles in the region 5% ={(s1, 52):R{s1} > 0, R{s2} > 0}).
It was shown in Huang (1972) that this is the continuous equivalent to the condition pre-

sented in Shanks et al. (1972) for the discrete case. Necessary and sufficient conditions
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to guarantee a given polynomial in s; and ss is very strictly Hurwitz were published in
Reddy and Rajan (1986). A necessary and sufficient algebraic condition for the character-
istic polynomial of a continuous Roesser model to be very strictly Hurwitz can be found in
Agathoklis et al. (1991). Stability margins of the characteristic polynomial are discussed
in Mastorakis et al. (2000).

A different approach to study BIBO stability of continuous two-dimensional systems is
based on the impulse response of the system, Jury and Bauer (1988).

As in the field of discrete systems, LMI-based stability conditions have also been de-
veloped for continuous two-dimensional systems. In contrast to discrete two-dimensional
systems, researchers have focused on the continuous version of the Roesser model. Similar
to the results in Lodge and Fahmy (1981) Piekarski claimed in Piekarski (1977) a nec-
essary and sufficient stability condition: The system is stable (characteristic polynomial
is very strict Hurwirtz) if and only if there exists a positive definite, symmetric matrix
P = P, ® P, such that

ATP+rPA=Q<0. (2.9)

However, it was shown, that this condition is only sufficient in Anderson et al. (1986).
Algorithms to find such a P appeared in Xiao et al. (1997). Another necessary and
sufficient LMI condition requiring the existence of a positive definite Hermitian solution
P(w) for all real w was given in Agathoklis et al. (1991).

Piekarski’s LMI condition (2.9) was later found to be sufficient to guarantee asymptotic
stability for systems with bounded initial conditions, Galkowski (2002).

The stability of uncertain continuous two-dimensional systems has been discussed in

the time domain in Xu et al. (2005), and in the frequency domain in Fernando and Trinh
(2007).

2.3.3 Linear Continuous-Discrete Two-Dimensional Systems

Alongside discrete repetitive processes some researchers also studied “differential” repetitive
processes leading to the study of continuous-discrete two-dimensional systems.

Stability theory for continuous-discrete two-dimensional systems appears to be well de-
veloped. Different conditions for stability and asymptotic stability of differential repetitive
processes with dynamic boundary conditions (depending on the pass profiles of the previ-
ous passes) are given in Owens and Rogers (1999). These results were extended to stability
tests based on a one-dimensional Lyapunov function in Benton et al. (2002).

In Galkowski et al. (2003) the authors discuss stability along the pass (similar to asymp-
totic stability) for differential repetitive processes modelled in a form similar to the Roesser
model. Here, the first independent variable is the continuous time ¢ and the second variable

is the discrete iteration k. They claim that such a system is stable along the pass if there
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exist two positive definite, symmetric matrices P; and P, such that
AT(PLo0)+(PL20)A+ AT 0 P)A—- (00 P) =Q < 0. (2.10)

The proof in Galkowski et al. (2003) refers to Rogers and Owens (1992) for details. While
this book covers extensive results in the area, a complete LMI based stability proof for the
Roesser Model is not given. To the best of the author’s knowledge, there is no published

complete proof.

2.3.4 Nonessential Singularity of the Second Kind

Furthermore, an important special case is often excluded (either implicitly or explicitly)
in the stability discussions mentioned above. This is the case when there exists a set of
(21, 72) (in the discrete-discrete case), (s1, s2) (in the continuous-continuous case), or (s, 2)
(in the continuous-discrete case) such that both the denominator and the numerator of the
transfer function go to zero at the same time. In contrast to the case where the numerator
is nonzero for (z1,22), (s1,82) or (s,z) (nonessential singularity of the first kind) these
special points are often called nonessential singularities of the second kind (NSSK). Note
that the state space matrix A of every system with an NSSK at a certain point of the
bi-plane will also exhibit a singularity at the same point.

Most research avoids this singular case and assumes instead that the characteristic loci
are strictly inside the stability bi-region. However, it cannot always be avoided due to
structural properties of certain applications, or they are even desirable to obtain a system
with special characteristics. One such example is the design of fan filters that inherently
require an NSSK at the stability boundary, Bruton and Bartley (1989).

Another example are vehicle platoons. As discussed in Chapter 1 the characteristic
polynomial of these two-dimensional systems include a singularity at s = 0 and z = 1,
den(0,1) = 0. (A more detailed discussion on how a suitable transfer function is derived
and the discussion of the corresponding numerator can be found in Section 3.4.)

It was shown in Goodman (1977) that some transfer functions with NSSK are BIBO
stable, while some with NSSK at the same point in the bi-plane are BIBO unstable. A
sufficient BIBO stability condition in the frequency domain for discrete two-dimensional
systems with NSSK at the boundary of the bi-disc (i.e. |z1| = |z2] = 1) has been presented
in Dautov (1981): The system is stable if den(z1, z2) has finitely many zeros at the stability
border and can be continuously extended to the closed polydisc. Dautov (1981) conjectures
this condition is also necessary. This was followed by a necessary condition that stability
can only be achieved when the NSSK occur at the border (or outside) of the bi-disc in
Reddy and Jury (1987).

Although the results in Goodman (1977); Dautov (1981); Reddy and Jury (1987) were
obtained in the frequency domain, it should be noted that previous LMI-based results in

the time domain also exclude systems where A has singularities on the stability boundary
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(SSB) since a sign definite solution of the LMI is required. However, as we will show
later in Lemma 4.1, such systems cannot achieve a sign definite solution to the required
LMI. Hence, LMI based stability conditions presented in the literature so far cannot be
employed to study the stability of two-dimensional systems including singularities at the
stability boundary in general, and continuous-discrete two-dimensional systems describing
a vehicle platoon in particular.

This is not surprising considering that the condition that the poles are inside the open
stability region is necessary and sufficient for asymptotic stability. However, the definition
used commonly for asymptotic stability requires the states to tend to zero in the presence
of any set of bounded initial conditions. As discussed in Chapter 1 applying a step signal
as a reference signal (i.e. bounded initial conditions in the two-dimensional sense) in a
vehicle platoon leads to nonzero local states. Thus, the system is not asymptotically
stable according to that definition. This is not due to poor design of the system but a
necessary property of a functioning vehicle platoon.

Therefore, in order to analyse the stability of vehicle strings in a two-dimensional
system setting, different definitions for stability have to be developed as well as conditions

for (asymptotic) stability that explicitly include these marginally stable cases.

2.4 Nonlinear Two-Dimensional Systems

Compared to the large variety of results about the stability of linear two-dimensional
systems only little work seems to be available concerning the stability of nonlinear two-
dimensional systems. It is also worth mentioning that all results on stability of nonlinear
two-dimensional systems known to the author exclusively study the stability of the discrete
time version of such systems.

Most research appears to be focused on particular types of nonlinearities. A range of
papers, for example, analyse overflow nonlinearities in general and saturations in particu-
lar. In Kar and Singh (2001) the authors propose a sufficient condition based on LMIs for
global asymptotic stability of linear two-dimensional Roesser models with overflow nonlin-
earities. Similar LMI based sufficient conditions for global asymptotic stability of linear
two-dimensional Roesser models with saturated derivatives appeared in Kar and Singh
(2005) and were later extended in Singh (2007).

Sufficient stability conditions based on LMIs for systems with a more general set of
nonlinearities in the sector [0, gx] were presented in Hinamoto (1993).

Stability of a general nonlinear discrete two-dimensional system of the form

<m1(k+1,1)

ol ]+ 1)) = f(z,u,k,l) (2.11)

was first analysed in Kurek (1995). The main theorem guarantees different kinds of stability
if a scalar, positive definite Lyapunov function ¢(x, k,1) = ¢1(x1,k,1) + ¢2(x2, k,1) with
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& (x, k1) = ¢1(x, k + 1,1) + pa(x, k,l + 1) exists: The system is uniformly locally stable
if ¢ < ¢, uniformly locally asymptotically stable if ¢’ < ¢ (and additional conditions
are satisfied), and uniformly globally asymptotically stable if there exists a real positive
number a < 1 such that ¢’ < a¢.

In Zhu and Hu (2011) the general discrete two-dimensional Fornasini-Marchesini second
model of the form (k + 1,14+ 1) = f (x(k + 1,1) + «(k,l 4+ 1)) was considered. Using Lya-
punov arguments based on the theory of input to state stability (ISS), sufficient conditions
for local and global asymptotic stability, in the presence of bounded, decaying initial con-
ditions were derived. The authors also give sufficient LMI conditions for absolute stability
of linear systems with nonlinear feedback functions in the sector [0, K].

It should be noted that similar to stability results based on Lyapunov arguments for lin-
ear two-dimensional systems, all results of the Lyapunov type for nonlinear two-dimensional
systems known to the author require the divergence or deviation of the Lyapunov function
to be strictly negative. The only exception is the sufficient condition ¢’ — ¢ < 0 for uniform
local stability in Kurek (1995). As noted in (Zhu and Hu, 2011, Remark 3) in order to
show global asymptotic stability for nonpositive differences, the assumptions on the initial

conditions need to be stronger than merely boundedness.

2.5 Input-to-State Stability

As we will use the notion of “input-to-state stability” (ISS) to prove stability of nonlinear
two-dimensional systems in Chapter 5 we will briefly review the most relevant findings on
ISS and its integral variant iISS.

The concept of input-to-state stability (ISS) was first proposed in Sontag (1989): It
was shown that the system is “smoothly input-to-state stabilisable” if for a system (linear
in control, described by & = f(x)+ G(x)u) there exists a control law such that the system
becomes ISS, i. e. there exist functions g € XL and 7 € K such that for each measurable

input w and each initial state &y the solution x(t) exists and satisfies

lz(t)] < B(I&ol,t) + y(llwll)- (2.12)

(Note that class K, Koo and KL functions will be defined in Section 5.2.) This result was
than extended in Sontag (1990) to show that systems of the general form & = f(x,u) also
become ISS when a stabilising control law of a more general form is applied. A wide range of
different variations and analogies of ISS are summarised in Sontag and Wang (1996). These
notions include zero (global) asymptotic stability, global and local stability, the (uniform)
asymptotic gain and limit property and the existence of a “smooth ISS Lyapunov function”
V(x) of the form

ay(lz]) <V(@) < as(|z]) (2.13)
with V(z) < — as(|2) + v(|ul) (2.14)

&
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where a1, g, a3,7 € Ko

Two integral variants of ISS were later proposed in Sontag (1998). One of the two (the
“La to Lo property”) was shown to be equivalent to ISS, whereas the second (the “Ls to Lo
property”) became known as “integral input-to-state stability” (iISS): There exist functions
a,v7 € K and 8 € KL such that the following estimate holds for all initial states &y and

measurable inputs u

a(jz(t)]) < (6ol 1) +/7(IU(S)|)dS- (2.15)
0

It was also shown that ISS implies iISS and that a system is iISS if there exist a positive-
definite proper smooth function V', a constant ¢ > 0 and functions 71,72 € K4 such that

for all states « and inputs w
V(z) < (n(lul) — 9V (@) + 72(|u)). (2.16)

An extension of this Lyapunov type stability argument appeared in Angeli et al. (2000):
The system is iISS if there exists a “smooth iISS Lyapunov function” V(x) of the form
(2.13)-(2.14) where ag is now only required to be positive definite. An extensive summary
of results on ISS and iISS can be found in Sontag (2008).

Although all results discussed above concern continuous time systems, a range of analo-
gies for discrete time systems of the form x(k + 1) = f(x(k), u(k)) have been introduced
in the literature. In Kazakos and Tsinias (1994) the authors extend the results on global
stabilisation in Sontag (1989, 1990) to discrete time systems. A proof that a discrete ver-
sion of the smooth ISS Lyapunov function exists if and only if the (discrete time) system
is ISS appeared in Jiang and Wang (2001). A range of analogies of iISS for discrete time
systems have been proposed in Angeli (1999), including the finding that the system is iISS

if and only if there exists a discrete time analogue of the smooth iISS Lyapunov function.

2.6 Conclusion

We conclude that vehicle platoons and the related field of string stability have been studied
in detail and different methods have been proposed to analyse the vehicle string dynamics
and to ensure string stability. Besides other approaches to analyse the system, a vehicle
platoon can be modelled as a two-dimensional system where the index or position k is
treated as a second dimension.

However, this system description inherits a singularity at the stability boundary due
to structural requirements of a vehicle platoon. As a consequence most published results
on two-dimensional systems cannot be applied since this marginally case is frequently
explicitly or implicitly excluded.

This work seeks to fill this gap in the existing theory and derive sufficient conditions

for stability of two-dimensional systems with singularities at the stability boundary both
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in the frequency domain (in Chapter 3) and the time domain (in Chapter 4 and Chapter 5)

using the example of platooning systems.
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CHAPTER 3

BIBO Stability of Linear 2D Systems

This chapter aims to study bounded-input bounded-output stability of
continuous-discrete two-dimensional systems in the presence of nonessential
singularities of the second kind on the stability boundary. The string stability
of a chain of linear, unidirectionally connected systems in the frequency domain
using the Laplace-Z transform is studied as an illustrative example.
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3.1 Introduction

In this chapter we will study the bounded-input bounded-output (BIBO) stability of linear
continuous-discrete two-dimensional systems. A combination of the Laplace transform
(with respect to the continuous variable time ¢) and the Z transform (with respect to
the discrete variable position k) will be used to transform the system into the frequency
domain description. Several useful properties of the Laplace-Z transform, the proof for a
version of Parseval’s Theorem for continuous-discrete two-dimensional systems and other
mathematical results are presented in Section 3.2. They will then be used in Section 3.3
to derive the Lo induced operator norm in the frequency domain.

A linear homogeneous string of vehicles with unidirectional control will be modelled as a
continuous-discrete two-dimensional system and will subsequently be studied in Section 3.4
using the Lo induced operator norm. The same approach can also be used to study the
string stability of a linear homogeneous string of vehicles with unidirectional control and
communication range 2, Section 3.5. However, as it was revealed in Chapter 1 every two-

dimensional system describing such a vehicle string will feature a structural nonessential
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singularity on the stability boundary and special attention is needed to guarantee that the
induced operator norm is bounded at this point.

It should be noted that although the results in this chapter are given specifically for
linear continuous-discrete two-dimensional systems, coinciding results for linear continuous
two-dimensional and linear discrete two-dimensional systems follow directly from the find-
ings of this chapter. In order to enhance readability, however, linear continuous-discrete
two-dimensional systems will be studied in particular rather than the general linear two-
dimensional model to be discussed in Chapter 4 and Chapter 5.

A short version of this chapter has been accepted for publications in Knorn and Mid-
dleton (2012a).

3.2 Mathematical Preliminaries

The Laplace transform X (s) exists for any piecewise continuous (on 0 < ¢t < co) function
x(t) which is of exponential order as t — oo, that is: J¢,a < oo, such that |z(t)] < ce®.

In this case the Laplace transform X (s) in terms of the complex variable s is defined as

X(s) = £{z(t)} = / (t)e=""dt. (3.1)

The inverse Laplace transform is given by

a+joo
m(t):ﬁ’l{X(s)}:%j / X (s)etds (3.2)

a—joo

with @ > a and j is the imaginary unit. If the region of convergence of X (s) includes the

imaginary axis, (3.2) yields

1

/ X (jw)e’ dw. (3.3)

If the discrete signal (k) for k € Ny (with INg being the set of natural numbers IN and 0,
i.e. all nonnegative integers) grows no faster than exponentially, that is: Je,a < oo, such

that |z (k)| < ca®, its unilateral Z transform X () in terms of the complex variable z exists:

X(2) = Z{x(k)} = x(k)z"". (3.4)

k=0

The inverse 7Z transform is

2(k) = 271 {X(2)} = % 7{ X ()25 1dz (3.5)
Ca
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where fc is the contour integral around a circle centred at the origin with radius o > a.

If the region of convergence of X (z) includes the unit circle, (3.5) can be transformed into
1 0\ .j0k
z(k) = Py X (e%) e?%a0. (3.6)
T

We assume that x(¢,k) is a continuous-discrete two-dimensional signal, which does not

grow faster than exponentially, i.e. 3¢, a,b < co such that
|l (t, k)| < ce®b”. (3.7)
Thus, the unilateral, combined Laplace-Z transform X (s, z) of x(t, k) is defined as
X(s,2) = ZL{x(t, k)} := Z/w(t, ke stdtz=* (3.8)
k=0

and its inverse

x(t,k) ={ZL} T {X(s,2)} = 27 { L7H{X(s5,2)}}

a+joo
1
= W}é / X (s,2)etdsz1dz (3.9)
Cpg a—joo

where o > a and Cg is the contour |z| = 8 > b. In the case where o = 0 and § =1 lie

within the region of convergence, (3.9) yields

x(t, k) = (2%)2/ / X (jw,e’?) e dwel? do. (3.10)

—TmT —0oQ

To prove Parseval’s Theorem later several properties of the Laplace-Z transformation are
needed. (These properties are simple extensions of well known results on the Laplace and
Z transform, which can be found in most textbooks, see e.g. Bellmann and Roth (1984);
Mathews and Howell (2006); Debnath and Bhatta (2006).)

Permutability Assuming that both transforms and inverse transforms exist, we can write
X(s,2) = 2Lz, k)t = Z{ LAz, k)}} = L{ Z{z(t, k)}} (3.11)
and
w(t, k) ={ZL} " {X(s,2)} = Z 7 { LT H{X(s,2)}} =L { 27 {X(5,2)} } .
(3.12)

Proof To prove the first part in (3.11) we will use the Interchange Theorem (for
interchanging summation and integration based on the Uniform Convergence The-

orem), which can be found in several text books (see e.g. LePage (1980); Priestley

&
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(2003); Jeffrey (2005)). We need to show, that
Z / |z (t, k)e 27| dt < oo. (3.13)
k=07

Since we assume x(t, k) does not grow faster than exponentially, (3.7), we can bound
the left hand side of (3.13) as

oo ¥ oo X —k
) b
x(t, e z| 7t < ce\"” — t .
k R{s}t kd (a—R{s})t d 3.14
k=07 k=07 |Z|

which will converge for all #{s} > a and |z| > b. Note that this is called the Region
of Convergence (ROC).

The property in (3.12) can be proven using the fact that the integration of a bounded

function over a finite length contour is bounded. O

Integration If the Laplace-Z transform of x(¢, k) is X (s, z) and the integral fot (7, k)dr

exists, we can write
/ 1
ZL /:B(T,k:)dT =-X(s,2). (3.15)
S
0

Accumulation If the Laplace-Z transform of x(¢, k) is X (s, z), then the Laplace-Z trans-
form of the cumulative sum Zf:o x(t,1) can be written as
k 1
1=0
Final Value Theorem If the final values lim; o, (¢, k) and limg_, (¢, k) exist, they can

be expressed as

tliglo x(t, k) = ll_}rl% sX (s, k) or (3.17)
tliglo Xz(t,z) = 21_% sX (s,2) (3.18)
and
lim x(t, k) = lim(1 — 2~ ) X z(t, 2) or (3.19)
k—o00 z—1
lim X, (s, k) = lim (1 — 27 1) X (s, 2) (3.20)
k—o0 z—1

where X (s, k) = L{x(t,k)}, and X z(t, z) = Z{x(t, k)}. Consequently if the double

limit limy k00 2 (t, k) exists

lim x(t, k)= lim s(1—2"1X(s,2). 3.21
(t,k)—(00,00) ( ) (s,2)—(0,1) ( ) ( ) ( )
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Multiplication If both Laplace-Z transforms of x(t,k) and x2(t, k) exist (X1(s,2) and
X (s, 2), respectively, and |x;(¢, k)| < c;e®tb? for i € {1,2}), the Laplace-Z trans-

form of @1(t, k)x2(t, k) is a combined convolution in the frequency domain

ZLAx1(t, k)xa(t, k)}

a1+joo

(27T1J 7{ / Xi(p,v) X (S_p’ )VldeU (3.22)

Cp, a1—joo

where a; > a1 and 81 > b;. If the region of convergence of X includes the imaginary

axis and the unit circle, i.e. a3 = 0 and 87 = 1, respectively, (3.22) becomes

ZLA{x1(t, k)x2(t, k)}

1 m™ 00 B | /
- @n? / / X1 (jo' e ) X (jlw =), e/ ) anad’. (3.23)

—T —0O0

Lemma 3.1 (Parseval’'s Theorem for Continuous-Discrete Two-Dimensional Systems)
If there exista < 0 and b < 1 such that |x(t, k)| < ce®b*, then the Laplace-Z transform

X (s,z) exists and the La-norm of x(t, k) in the time domain is the same as the Ly-norm

of X (s,z)in the frequency domain:

io/gf (t, k)dt = |l (-, )3 = | X (-, )5 = 2;)2//)(2 (jw,e’) dwdd. (3.24)

k=0

—TmT —00

Proof First, we will define ¢(¢, k), (¢, k), and (¢, N) such that

t t N
/ 2( :/¢ Gt k) and Y Wt k) =£(tN). (3.25)
0 0 k=0
Since x(t, k) € Ly [0,00) x [0,00) and x(t, k) € R
N t o X oo ¥
Z/mQ(t,k:)dt < Z/w2 (t, k)dt = Z/|m (t, k)|2dt < oo. (3.26)
k=01 k=01 k=01

00
0° %%
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Thus, the order of the summation, the integration and limits can be interchanged. We can

write the norm of x(¢, k) as

= lim lim (¢, N). (3.27)

With the final value theorem for Laplace Transforms and for Z transforms the limit of
&(t, N) in (3.27) can be expressed as the limit in the frequency domain of the corresponding
Laplace-Z transform =(s, z), (3.21),

. 2 _n . S A

(-, )13 = lim Tim s (1= =) =(s, 2). (3.28)

Because &(t, N) is the accumulation of ¥ (t, k) we can apply (3.16), and (3.28) yields
2 .

(-, ) = lim lim (s, 2) (3.29)
where \Il(s,z) LZ{Y(t, k)}. Since ¥(t, k) is the integral of ¢(t, k), LZ{o(t,k)} =
D(s,z) = s¥(s, z) and we can write according to (3.15)

(-, )5 = lim lim ®(s, ). (3.30)

Furthermore, we know that a multiplication in the time domain corresponds to a convolu-
tion in the frequency domain, (3.22), and transform (3.30) into

a+joo

Il (-, )H2 = lim lim 1,)2 jé / X(p,v)X (s —p, %) v~ dpdo

s—0 z~>1 271'_]

Cg a—joo
1 a+joo
= W}é / X(p,v)X (fp,vfl) v~ tdpdu. (3.31)
Cpg a—joo

Since we require that |x(t, k)| < ce®b* with a < 0 and b < 1, the region of convergence of
X?(s,2) includes @ = 0 and || = 1. Thus (3.31) becomes

L T X o) X (o) d
ol = gz [ [ X () X (<o)t

—TmT —00

gz | [ X G|

—TmT —00

= [1X ()5 (3.32)
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D (3" H, j (jw,e’) Pl )

Figure 3.1: Block diagram of a simple open loop system

Thus, the Euclidean norm in the time domain ||x(-,-)||2 is equivalent to the Euclidean

norm in the frequency domain ||z(-,-)||2 = || X (-, -)][,- O

3.3 Induced Operator Norm

We now want to find the induced 2-norm using the results for the norm in w and 6 intro-
duced in (3.32). Consider the continuous-discrete two-dimensional system in the frequency
domain in Figure 3.1 with F (jw,e?) = H, ; (jw, e??) D (jw,e??). The induced 2-norm
of H, ; (jw,eje) is the upper bound for the norm of E (jw,eje) for all D (jw,eje) with
ID( )2 = 1.

Assume Hé7 d (jw,eje) is continuous almost everywhere except at a finite number of
points (jwp,ejep) of discontinuity at nonessential singularities of the second kind. In
addition, we require that for each such point (jwy, %) there exists a neighbourhood around
(jwp,e?) such that for every possible curve § = 6;(w) in this neighbourhood the limit

superior of the function g;(w) = ’Hé i (w, ejei(‘*’))

exists, i.e. limsup,,_,, gi(w) = C;.

Then the induced operator norm of H, ; (jw, ej‘g) is

HHA,& ()

_ =esssup |H, ; (jw, eje) ‘ . (3.33)
is w,0
Note that we include functions Hé1 4 that are discontinuous at a finite number of points.
Thus we extend the sufficient stability condition given in Dautov (1981). Dautov (1981)
proves that a system with a finite number of NSSK on the stability boundary is stable
if the transfer function can be continuously extended. This implies that all curves in the
neighbourhood around each point ( Jwp, ejep) of discontinuity leading towards (jwp, ejep)
satisfy limy, ., gi(w) = C. Thus, the limit as (jwp,ejep) is approached does not only
exist but is equal for all possible curves. Then the transfer function can be continuously
extended by setting H, ; (jwp, %) = C.

The conjecture that this condition is sufficient and necessary (which was also used
in Reddy and Jury (1987)), however, is disproved since the transfer function of a two-
dimensional system describing a vehicle platoon is discontinuous around the NSSK at the
origin (w = 0, # = 0) and cannot be continuously extended as there exist curves (such
as spirals around the origin) such that the limit lim,, ., gi(w) does not exists. Also, for
curves that are chosen such that there exists a limit C;, these limits might not be necessarily

equivalent. However, the system can be designed such that the system is BIBO stable.
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The induced norm of H, ; (jw, eje) is defined as

2

o 2
HHé*fz(".) _ = sup HHéycz(jw,eJe)D(jw,eﬂ’)H2
2 |D|I3=t1

1 S ‘ ) ‘ )

= sup | —— / / |H, g (oo, ) D (joo, )| dwdt | . (3.34)
ipig=1 \ 2/ J T

First, we will show that the essential supremum of ‘Hé g (jw, eje)‘ over all w and 0 is the

upper bound of the induced operator norm: From (3.34) and using Holder’s inequality, we

get

2

i T oo ‘ T o
= sup W/ / ‘Héjd(jw,eje)‘ ’D (jw,eje)’ dwdé

2 |IDl3=1

HHé,J ()

—mT —0Q

<esssup Hé,dA (jw, eje)

] I
sup
0,0 1131 \ (272 ) )

‘ 2

. 12
D (jw, )| dwdt?)

=esssup |H, ; (jw,eje)
w,B ’

(3.35)

To show that the essential supremum also is a lower bound we will use the following

Lemma:

Lemma 3.2

Given a two-dimensional operator H, ; (jw, eje) which is continuous in (jwo, ejeo) the
induced operator norm of Hécz(jw,eje) is always greater or equal to the magnitude of

H:Cz (ij, ejeu):

€

[#ea ], = |Heg e e™)]. (3.30)
ig ’
Proof For 0 < |wo| < 0o and 0 < 0y < 27 we choose the disturbance signal
d, (t, k) = aye " coswot - a‘goe_dC cos 0ok (3.37)
with
4€? 4 4w?
2 0
- 3.38
Ywo T 9e wd/e (3.38)
and
2
ag, = (3.39)

1 + 1—e—2¢ cos 26y
1—e—2¢ 1—2e—2¢ cos 20g+e—4¢
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to guarantee ‘
We will now use the following trick with R = {(w,0) : |w £ wo| < /€, 10 £ 0o| < VVe}:

cze(-, )H = 1. For details on how to choose a,, and ag, see Section 3.A.1.
2

2 ~ . 2
st = o [t 00
2 |IDl2= 2
. N . 2
e oo
1 77 N T
:(gﬂ)z//‘Hé,J (jew, %) ‘De (jw,eje)‘ dwdd
2 2
" // i (jw, ) ’De (jw,eﬂe)’ dwd
w,0ER
1
. 0 B
=y (5,85’615{ i (je,e ) // ’D (jw, e ’ dwdd

w,0ER
(3.40)

To conclude the proof we will now take the limit for € approaching 0. Given that H ; ( jw, el 9)

cd (jw, eje) is

is continuous around wg and 6

2 2
lim essmf}H ]w eJe ’ = }HédA (jwo,eje“) (3.41)
e—0 ’

. 012
D, (jw, 639)‘ over R, requires some more work. We will use

To evaluate the integral of
the Laplace-Z transform of d.(t, k)

Jjw+ € 1 — e €cosbpe 79

D.(jw,e'?) = . - -
<(jw, e”) = o, (jw+ €)% +w? A0 96— cos Ope=79 4 e—2¢e—270

(3.42)

and show that in the limit ¢ — 0 the integral is equal to (27)2. For details refer to
Section 3.A.2. Note that for wy = 0 or 6y = 0 a simplified d(¢, k) can be chosen with

de(t) = g e or de, (k) = cge™", (3.43)
respectively. The corresponding coefficients are aio = 2¢ and 0‘30 = 1— e 2 see Sec-

tion 3.A.1. It can be shown in the same way that the integral of |D.(jw,e )2 over
Re ={(w,0) : |w| < Ve, 10| < e} is (2m)?2, see Section 3.A.2.
Thus,
|H.4( > |H, 4 (jowo, ™). (3.44)
(I

If the essential supremum of ‘Hé d ( jw, eje)‘ exists it can be achieved in three different

cases:

S
o
o
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is achieved at @

First we will assume that the essential supremum of ’Hé d (jw, eje)

and # and Hé7 3 (jw, ej‘g)‘ is continuous in and around the supremum. In that case, we can
set (wo,0p) = (@,0) in (3.36) and use Lemma 3.2.

However, it is also possible that the essential supremum is achieved at a point (wy, ;) of
discontinuity of ‘Hé, d ( jw, el 9) ‘ We will use the assumptions made at the beginning of this
section. We require that for each such point (jwp, %) there exists a neighbourhood around
(jwp,e?) such that for every possible curve § = 6;(w) in this neighbourhood the limit
superior of the function g;(w) = ’Héﬁdﬁ (jw,ejei(“’))‘ exists, i.e. limsup,,_,, gi(w) = C;.
Given Lemma 3.2 above, for each €; > 0 there exist a d;(¢;) > 0 and a point (jwo, ej‘gi(w"))
on g; such that for all w,0 in a circle with radius §; around (wp,8;(wo)) (i-e. |(w,0) —
(wo, 0 (wo))| < 6;) and |(wp, bp) — (wo, 0:(00))| = €; we have

H, ()i, > essinf i(w). 3.45
[HogC )l > essin i) (3.45)

Therefore, it must be true that ||H, ;(-,-)|li, > Ci.

In the third case the supremum of ‘Hé d (jw, eje)‘ occurs as wg — oo and 6y

(3.46)

. i0 . . 0

esssup | H j (jw, ) = lim_|H, ; (jw, ™).

For the time dependent part of d.(t, k) we will choose dy(t) = v2Ne Nt. It can then
. 2

be shown that for N — oo the integral of ‘DN(w)‘ over w € [fNQ,f\/N} u [\/N,NQ}

is equal to 27. (For details see Section 3.A.2.) At the same time we can use a similar

argument as above to show that ||H, ;(-,-)|li, > limy e ’Hé i (jw, &%)

Thus, it is always true that

HHé,fz(-,-) , Zesssup|H, g (jw,ej")‘- (3.47)
Together with (3.35) the induced Lo-norm of H, ;(jw,e'?) is
e, = [Hea ) = esssup |, g (G ) (3.48)

3.4 Linear, Unidirectional Control

3.4.1 System Description

We wish to discuss the stability of a simple chain of vehicles where all but the first should
keep a fixed distance &4 to their predecessor. The first car follows a given trajectory Z(¢,0).
We will choose the same vehicle model with transfer function P(s) and the same linear
controller C(s) for every subsystem, i. e. every car. The controller C(s) is chosen such that
the subsystem with T'(s) = C(s)P(s)/(1 + C(s)P(s)) is stable.
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De(s, k)
Xp(s,k—1)  Eg(s k) cs) | Uelsib) Xz (s, k)

Q(s)

Figure 3.2: Block diagram of the linear subsystem with time headway

The open loop transfer function L(s) has exactly two poles at the origin, L(s) =
P(s)C(s) = % L(s) with L(0) # 0. Feedback loops of this kind are also referred to as “type

s
IT servomechanisms”. The position of the kth vehicle Z(¢, k) depends on the disturbance
cZ(t, k) and the actuator signal of the kth controller (¢, k) . The local control objective is
to force the separation error é(t, k) to zero. Measurement noise is neglected for simplicity.
Using the Laplace transform with respect to time ¢ (denoted by -,) the system with zero

initial conditions is described by

Xe(s,k) = P(s) (U[;(s,k) + m(s,k)) , (3.49)

Ur(s, k) = C(s)Ec(s,k)  and (3.50)

Er(s,k)=Xr(s,k—1)— Xg(s, k) — -

(3.51)

It is known that for type II servomechanisms the absolute value of the complementary
sensitivity function of a single subsystem, T'(s) = H%s()s), is greater than 1 for a range
of frequencies w € (w_,wy). The system therefore will be ‘string unstable’ for constant
spacing (Zq = const), Sheikholeslam and Desoer (1990); Seiler et al. (2004), which means
that the peak over time of the error signal é(¢, k) grows without bound as k increases.
Since when using a constant spacing policy the system is string unstable, a linear time
headway h is incorporated in the feedback path. In addition to a fixed vehicle separation, a
velocity (¢, k) dependent distance is required between the vehicles, Z4(¢, k) = Zq,+h0(¢, k).
Note that in order to preserve the closed loop poles of the time headway free system, an

additional pole is inserted into the controller transfer function such that Cy(s) = ggz; with

Q(s) = hs + 1. To simplify the following derivations and because we are interested in the
disturbance to error behaviour we shall set 4, = 0 below. The new subsystem is shown
in Figure 3.2.

After applying the Laplace transform with respect to ¢ the error signal E‘L(s, k) yields

EC(S5 k) :XC(Sv k— 1) - Q(S)Xﬁ(sv k)
=P(s)Cn(s)Er(s,k — 1)+ P(s)Dg(s, k — 1)
~Q(s) (P(5)Cu(s)Be (s k) + P(s) De(s, k)

= T(s)Eg(s,k — 1)+ T(s)C 2 (s) (D,;(s, k—1)—Q(s)De(s, k:)) (3.52)

&
@)
@)
@)
¢



34 CHAPTER 3. BIBO STABILITY OF LINEAR 2D SYSTEMS

with B (s,k) = L{e(t,k)}, Xo(s, k) = L{@(t,k)}, De(s, k) = £ {J(t, k)} and the single

loop complementary sensitivity function

_ P(s)Ch(s) 1 P(s)C(s)  T(s)
' T QOPEIGE ~ QW T+ PEOE QW) (3:39)
Applying the Z transform with respect to k, (3.52) becomes
E(s,2) =T'(s)2" E(s,2) + [(s)Cy, ' () (z7' = Q(s)) D(s, z)
_ f_z_ig‘(é))l"(s)c};l(s) Dis, 2) (3.54)
=H, ;(s,2)

with E(s,z) = 2 {EL(S, k:)} = 2L {e(t,k)} and D(s,2) = Z {m(s, k:)} = 2L {J(t, k)}.

3.4.2 Conditions for String Stability

E(s,z)

be bounded for any s = a + jw and z = re?? with @ > 0 and r > 1.

To guarantee ’ must

< oo for any ﬁ(s, z) satisfying HD(S, 2)
2

, <0 ‘Hé,dA (s,2)

This is always true if H, ; (s, z) has no poles with {R{s} > 0}N{[z[ > 1}. As discussing
stability of the string only makes sense for strings with stable subsystems, I'(s) must not
have any poles with ®{s} > 0. Also a local controller with zeros with positive real parts
has to be avoided to guarantee |C§1(s)‘ < oo for R{s} > 0.

Before discussing under which conditions the first part of H, ;(s,z2), i.e. the fraction
(271 = Q(s)) / (1 = 27'T(s)), is devoid of poles with {R{s} > 0} N {|z| > 1} we will focus
on the region {s = jw} N {z = e/}

Note that X (s,k) = T'(s)X (s, k — 1) +T(s)C; (s)D(s, k). Every vehicle should be able
to follow its predecessor and the local error should be forced to 0 for ¢ — co. Therefore,
the subsystem closed loop transfer function I'(s) is designed such that I'(0) = 1. However,
this implies that H, ;(s,z) will always have a pole at {s = 0} N {z = 1}. Note that the
numerator of Héﬁcz(s,z) is also 0 at the same point, i.e. 1 —Q(0) =1—-1—h-0 = 0.
This is referred to as a nonessential singularity of the second kind (NSSK). (See also the

discussion in Chapter 1.)
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Therefore, we have to show that limc_.o sup(., gy 5. (0,0) ’Hé,(i (jw,e?)| is bounded:
lim sup H, ; jw,el? ‘
€0 (w,0)€B.(0,0) ’d( )
e 9% — Q(jw) _1
= lim sup ——— T (jw)C} " (jw
=0 (.0)eB. (0,0) | 1 — €T (jw) ()G ()
: Q_l(jw) B ej@ . 1y -
= lim sup — T (jw)C} "(jw
=0 (y.0)eB.(0,0) | ¢ —T(jw) ()G ()
1 —T(j
—lm sp | TUW) 1} I7(0)C; (0)]
=0 (w0)eB.00) | €7 —T(jw)
—1/ - —T(i
<(tm  sp € _((fw) : (Jw)‘ + 1] |T0)C0)] . (3.55)
=0, 0eB.00 | €7 —T(w)

Since ‘T(O)Cgl(O)‘ is bounded, we will focus on the first term on the right hand side of
inequality (3.55):
Q™' (jw) —T'(jw)

lim sup

=0 (w0)eB,0,0)| e —T(jw)
. Q= () ~ D)
< lim sup -
=0 ,eB,(0) 1 —[T(jw)]
1 ’ _ _Lw)
2(4.12 iw —LUZ
= lim sup V2wl LG )
EAOWEBS(O) 1 _ 1 ‘ _ Ij(]w)
h2w?+1 | L(jw)—w?
2
=1lim su d (3.56)

19 — — .
<068, (0) VAZw? 1 1 }L(jw) - wﬂ - ‘L(jw)‘

Remember that L( jw) is the open loop transfer function of a single subsystem without the
two integrators. Around the origin we can therefore express L(jw) as L(jw) = ag + asw? +
aswt + ...+ j(arw + azw® + ...). Using that and L’Hopital’s Rule, (3.56) becomes

Q'(jw) —T(jw)
el? —T'(jw)

lim sup
70 (w,0)€B(0,0)

1 h? ~
<l _7‘1
1m8101p<2 T (

+ Vh2w? + 1% ‘Ii(jw) fw2‘ - % ’L(JW)D

Jjw) —w2‘

-1
1
= 3.57
%hQG/O -1 ( )

Thus, using a time headway greater than \/2/ag = 1/2/L(0) will guarantee that H, (s, z)

is bounded at the NSSK at the origin.
To ensure ‘Hé,oi (jw, eje)’ < oo for all w # 0 and 0, we must guarantee that |[I'(jw)| < 1

for all w # 0. Otherwise, since we know that I'(s) is strictly proper, there must exist an

o
o
o
@)

¢
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wo # 0 such that |T'(jwg)| = 1. To ensure [I'(jw)| < 1 Vw # 0, the time headway h must

be greater than the infimal time headway

ho := , | sup <M> (3.58)

w w?

where T'(s) = %S()S) is the single loop complementary sensitivity function of the system

with zero time headway and L(s) = é%i(s) is the corresponding open loop transfer function
with exactly two integrators and L(0) # 0.
Since the maximum in (3.58) can be attained at w = 0 or at at least one wy # 0, we

will distinguish between these two cases:

(a) The maximum in (3.58) is attained at w = 0 only. Using L’Hopital’s Rule and the
fact that L(0) = L(0) = ‘E(O)‘ condition (3.58) becomes

) 2 1
% = /2/|L0)]. (3.59)

Hence, choosing h > 1/2/’[2(0)’ guarantees that |I'(jw)| < 1 for allw and |T'(jw)| =1
only at w = 0. Note that this is the same condition given above to guarantee that

|H, ;(s,2)|is bounded at the NSSK at the origin. In fact, this condition has a simple
geometric interpretation. For h = /2/ ‘E(O)‘ the second derivative of |I'(jw)| at

w =0 is zero, dd—;|1"(jw)|’w:0 = 0. Since [I'(jw)| is equal to 1 at the origin, it would
be greater than 1 for some frequency w’ > 0 if its second derivative at the origin is

greater than zero.
(b) The maximum in (3.58) is attained at at least one wy # 0. In that case condition
(3.58) becomes

’ LGwo) |*_

14+ L(jwo)

ho (3.60)

wo

Choosing a time headway which is strictly greater than hg, h > hg, will guarantee
IT(jw)| <1 for all w and |T'(jw)| =1 only at w = 0 in both cases.

Note that if the supremum of (3.58) is achieved at w = 0 and hg is chosen according

to (3.59) the essential supremum of ’Hégz (jw,eje)’ is achieved at the origin. In that

case approaching the origin along the curve § = 0(w) = —hw allows us to obtain the
limit: limg, 0 |H, 4 (jw,ee(w))‘ = %W}TKO)F(O)L This is in fact the supremum of

H, ; (jw, eje)‘ over w and 6 obtained at the origin (compare with (3.55) and (3.57)).
However, if hg is chosen according to (3.60) the point where the essential supremum of

‘HA j (jw,e??)] is reached is continuous.
e7
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Note that if the induced norm of Hé,ci (jw, eje) is bounded, s
also bounded for any a > 0 and r > 1. Given that I'(jw) and |T'(jw)| < 1 and |F(jw)|00: 1

if and only if w = 0, the Poisson Integral Formula yields

H:J (a + jw, rej‘g) H is

dw

1 T a
T ] =— (7 _
| (a +ij)| T / | (jw)lag + (WO — w)g

1 a
<= R 5 dw
s a* + wi — 2wow + w

— 00

12a 2w —wy |~
=—— |arctan
T 2a 2a oo

=1. (3.61)

Note that since I'(jw) is strictly proper, there exists a @ such that |I'(jw)| < 3 for all
w > @. Therefore, the inequality above is strict and there are no poles of Hé7 i(s,2) in
{R{s} >0} N {[z] = 1}. Furthermore, there are no poles of H, ;(s,z) in {R(s) =0} N
{|#] > 1} because

|[1—27"T(s)| > 1= |27 [0(s)| 21— |27 >0  for R{s}>0,|z|>1. (3.62)
The previous results can now be combined: Since H, ;(s, z) is bounded for
{R{s} = 0} n{lz] = B U {{R{s} > 0} N {|z] = 1}} U {{R{s} = 0} N {[z| > 1}},
(3.63)

it is bounded for H, j(s,z) in {R{s} > 0} N {|z| > 1} provided that the time headway is
greater than the infimal time headway, i.e. h > hyg.

3.4.3 Example and Simulations

To illustrate our results we will simulate a string of forty vehicles with the simplified,

linearised second order model for each car

1
P(s)= ——— 3.64
(s) 52 + 2Cqv9s ( )
where the drag coefficient is Cq = 7 - 107%. A simple PID controller of the form
k’i de
C(s) =k, + — 3.65

with k, = 1.66, k; = 0.17, kq = 4.1 and 7' = 1/30 will be used. The infimal time headway
which will guarantee string stability can be found examining the curve /|7 (jw)|? — 1/w.
According to equation (3.58) and Figure 3.3, we see that the infimal time headway is
ho ~ 1.18.

o
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1.4 -

0 IR, X . X iiiiiii; \ iiiiiii;
10—3 10—2 10~1 109 101

Frequency w

Figure 3.3: Curve to determine the infimal time headway hg

Thus choosing constant spacing (zero time headway) or a small time headway will lead
to an unstable string. However, if h is greater than hg, the system will be string stable.
The magnitude of H, ; (jw,eje) for h = 1.5 is shown in Figure 3.4. The ridge leading
towards the origin is displayed in Figure 3.5. Simulations for h = 1 and h = 1.5 are shown

in Figure 3.6.

3.5 Linear, Unidirectional Control with Communication

Range 2

We have shown how a linear, unidirectional string behaves depending on the time head-
way h. However, to obtain a string stable system often a fairly large time headway is
required. That means that the distance between the vehicles at high speed can be very

large.

This can be improved by a wider communication range, that is using information from
a bigger set of vehicles. The easiest way to do so is to use the information of several

predecessors instead of only the direct predecessor.
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Figure 3.4: Unidirectional string with h = 1.5:
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Figure 3.5: Unidirectional string with h = 1.5: ‘Hé g
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Figure 3.6: Unidirectional string with communication range 1, h = 1.5

3.5.1 Singularity on the Stability Boundary

This implies that in the state space description the dimension of the variable x5 € R™
is ng > 1 and equals at least the number of vehicles ahead whose information is used
in the local error equation. Before considering a possible realisation with communication
range ne = 2 we will show that similar to the case with ne = 1 discussed in Chapter 1 a

singularity on the stability boundary is not only unavoidable but rather necessary.
Consider the state space description

d)l(t,k) =A11£L’1(t,1€) + Algwg(t,k), (366)
ACIJ‘Q (t, k) :Aglml(t, k) + AQQCEQ (t, k), (367)
y(t, k) =crx1(t, k) + coxa(t, k). (3.68)

Assume that the initial conditions x19(k) = 0 for all k. Since the vehicles need to be able
to follow their predecessor and the first vehicle in the platoon a given trajectory, we require

that for a vector of step responses as initial or boundary conditions xag(t) = fo the output
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signal y(t, k) tends to 1 for all k. Thus, fo has to be suitably chosen such that there exists
a fi such that

0=Anfi1+Anf (3.69)
fa=Anfi+Axnfo (3.70)
l=c1f1 +cafo (371)

Hence,
vk tlglgo y(t, k) =1. (3.72)

Applying the Laplace transform with respect to ¢t and the Z transform with respect to k
this yields

1
lim sY = .
e

(3.73)

Applying the Laplace transform with respect to t and the Z transform with respect to k
to (3.66)-(3.67) yields

Xl(S,Z) :(SI—All)_l A12X2(S,Z), (374)
Xo(s,2) = (21 — T — Agy) " (if2 + Ao X (s, z)) . (3.75)
Thus
1 /(/Z 1
XQ(S,Z) :(ZI—I—AQQ) (;fg +A21 (SI—All) A12X2(S,Z))
_ -1 -1 -1 17
= (I — (ZI —-I- A22) A21 (SI — A11) A12) (ZI —I- A22) gfg
—1 -1 z
= (ZI — I — A22 — A21 (SI — All) Alg) ng

—1

_ 1
I-— 2_1 (I + A22 + A21 (SI — A11) 1 A12) ng (376)

=:T'(s)

with the transfer function I'(s) € C™2*™2 describing how X (s, k+1) depends on Xs(s, k).
Combining (3.76) and the Laplace-Z transform of (3.68), Y (s, z) yields

Y (s,2) =e1X1(s,2) + caX3(s, 2)
= (61 (sI— Au)_1 Ao+ 02) X (s, 2)

:(Cl(SI*All)_1A12+62) (I*Z_ll_‘(s))_l % (377)

Thus, with (3.77), (3.73) yields

. . _ _ -1
il_% sY(s,z) = l1_>mO (cl(sI — A1) YA + 62) (I —z 1I‘(s)) fo

— (—e1AT A + ) (1= 27'T(0)) ™ fo. (3.78)

« 900
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Since it is required in (3.73) that the right hand side of (3.78) is equal to 1/(1 — 27'), the
system description has to be chosen such that det(I —27!T'(0)) contains at least the factor

1 — z~!. This, however, also produces a singularity at s = 0 and z = 1.

3.5.2 System Description

Although numerous different approaches are possible, we will focus on this version. Here
é(t, k) depends not only on &(t, k), Z(t,k — 1), and 0(¢, k) but also on &(t,k — 2):

et k) = (1—a) (@t k — 1) — &(t, k) +a (@t k — 2) — @(t, k — 1)) — ho(t, k) (3.79)

with @ € [0,1). The first vehicle in the platoon follows a given trajectory &(t,0). However,
#(t,—1) does not exist. To ensure that the separation between the cars in steady state is
equal, we will use the steady state separation ho(t,0) with o(¢,0) = %i(t, 0) instead of
(Z(t,k —2) — &(t, k — 1)) in the equation for é(¢, 1):

&(t,1) = (1 — a) (&(t,0) — &(t, 1)) + ahi(t,0) — hi(t, 1). (3.80)

Thus, the separation between the cars in steady state is equal to the version with commu-
nication range 1 for the same time headway.

The system is set in a way that it is equivalent to the unidirectional case when the
parameter o is 0. Using the equations for X, (s, k), (3.49), and Uz (s, k) = Ch.a(s)Ec(s, k)
with Ch.o(s) = C(s)/(Q(s) — «), and applying the Laplace-Z transform the disturbance to

error transfer function H, ;(s, z) is

(1-2a)z7'+az72—(Q(s) — ) To(s)Ci L (s) (3.81)

HA R — «
ed(5:2) 1= (1-2a)Ta(s)z™" —al'a(s)z~2 ’

with T (s) = T(s)/(Q(s) — ).

3.5.3 Conditions for String Stability

Given the fact that ' (s) and C;,  (s) do not have poles with real parts greater or equal to

zero, string stability of the system will depend on the zeros of the denominator of (3.81).

The zeros of p(s,z) = 22 — (1 — 2a)Tw(s)z — al'n(s) for a < 1/2 are

ra(s) = 2 _22a1"a(s) + \/ %1—%(5) + aTu(s). (3.82)

To guarantee string stability both poles have to lie within the closed unit circle around
the origin in the z-plane for s = jw for all w. That means that we have to guaran-

tee |z12(jw)| <1 for all w. We will now write I'y(jw) as T(jw)/(Q(jw) — a) where
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T(jw) = r(w) exp(jo(w)). The magnitude of pole z;(jw) can be bounded by

1-2a r(w)
2 h2w? 4+ (1 — a)?

|21 (jw)| <

hw

(1—2a)2 7’2(w)e2j(¢ arctan 2 ) ar(w)ef(d’ arctan .

3.83
4 h2w? + (1 — «a)? i h2w? + (1 — «)? (3.:83)
Using the fact that ’ejd” =1 for all ¢, the bound yields
) 1 -2« r(w
1) < )
2 h2w? + (1 — «)
1 - 2a)2 2
b A2 re) arlw) (3.84)
4 W+ (1-a) h2w? 4+ (1 — «)?
Since it is required that |21 2(jw)| < 1 for all w we can derive from (3.84)
2
(1—2a)? r?(w) n ar(w) {— 1- 2« r(w)
4 h2w? + (1 — a)? h2w? + (1 — a)? 2 h2w? + (1 — a)?
(3.85)
and thus
ar(w) <1— (1-2a)r(w) ' (3.56)
h2w? + (1 — a)? h2w? 4 (1 — a)?

Simplifying even further yields for the infimal headway for a communication range of two

r2(w) —1

ho2 = (1 — a) sup = (1 — a)ho. (3.87)

Note that for o = 1/2 equation (3.87) becomes hg2 = 1/2 - hg. However, for o > 1/2 the
infimal time headway becomes hgo = sup,, /(3 — 1)2r2(w) — (1 — @)?)/w. For w — 0

the absolute value of |T'(jw)| = r(w) will approach 1 and square root will go to a constant
value c(a) # 0. Therefore, hg2 — oo and the string is not string stable.

As in the unidirectional case we need to examine the limit for (w,d) — (0,0) closely
since both the numerator and the denominator tend to zero at the same time and the system
has a NSSK on the stability boundary. We will show that lim, g)0,0) | H, 4 (jw,el?)
bounded:

is

e !f&ffzagfi Erre il
e i)
1—((1-2a)z"1 + az=2)Ty(s e

B (‘ 1- ((11_(2%(),2) L+ az (j;ra( 1 1) ‘Chfi(S)’- (3.88)

.00
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Since for (w, ) — (0,0) it is true that

1= ((1=2a)z"" +az?)Tals)| > 1— |(1 —2a)z" + az7?|[Ca(s)] (3.89)
and

|(1-2a)z7" +az7?| < (1-2a) |27 |+ a7 <1-a (3.90)

we can rewrite (3.88) and get

lim sup ‘Héd(jw,eje) <lim sup
(w,0)—(0,0) ’ w—0

(S e,
(3.91)

Using the fact that T, (s) = %, T(s) = SQTEES) and the following approximation for
L(jw) for small w, L(jw) = ag + asw? + agw* + ... (a1w + asw® + ...)j, we can simplify

the first term of the right hand side of (3.91), use 'Hopital’s Rule and get

oy L= (@) ~ )T ()
w—0 1- (1 — ) |Fa(jw)|

w2

= limsu [~ LG)]
V2w (1—a)? [—w2+L(jw)]
. h2w? + (1 — a)? - w?
= lim sup

w0 R (L= a) - |- + L) — (1 - ) [ L)
1

- Tl. (392)

2(1—a)?

For any h > ho2 = (1 —a)ho = (1 — a),/Q/}L(O)}, (3.92) is bounded. Note that when
choosing @ = 1/2 the system admits a second NSSK at s = 0 and z = —1. The same

H, ; (jw, eje)
0 = m. Therefore, with h > hg 2, H, ; (jw, eje) is bounded for all w and 6.

is bounded for w = 0 and

argument as above can be followed to assure

3.5.4 Example and Simulations

To illustrate our results we simulate a platoon of forty vehicles with the same transfer
functions P(s) and C(s) as above. As we have seen, to guarantee string stability for & = 0
(unidirectional case with communication range 1) the time headway has to be greater than
ho =~ 1.18.

The poles in the z-plane for different values of a and h are displayed in Figure 3.7. For
h = 1.5 according to (3.87) both poles are within the closed unit circle for o € [0,0.5].
That means that even with communication range 1 the system is string stable. However,

using a communication range of 2 with a very small o = 0.1 the performance of the string
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Figure 3.7: Location of poles of H, ;(s,z) for communication range 2

can be improved significantly. Simulations for & = 0.1 and « = 0.3 are shown in Figure 3.8.

To compare the results with the unidirectional case with communication range 1 please

see Figure 3.6 on page 40.

For h = 1 according to (3.87) the minimal « to guarantee string stability is approxi-

mately 0.15. So choosing a = 0.1 will lead to a system which is not string stable, since the

maximal magnitude of one pole will be greater than 1. However, with h = 1 increasing «

to 0.3 will guarantee string stability. Simulations for a = 0.1 and « = 0.3 are shown in

Figure 3.9.

If h = 0.8 the minimal « to guarantee string stability according to (3.87) is approxi-

mately 0.32. Thus choosing h = 0.8 the system is string unstable for a = 0.3 and string

stable for a = 0.4, see Figure 3.7. Both simulations are shown in Figure 3.10.
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Figure 3.8: Unidirectional string with communication range 2, h=1.5, « = 0.1 and 0.3

3.6 Conclusion

Throughout this chapter we studied the BIBO stability of linear continuous-discrete two-
dimensional systems. The systems were analysed in the frequency domain after applying
the combined Laplace-Z transform and the corresponding Lo induced operator norm was
derived and enabled the string stability analysis of a linear homogeneous string of vehicles
with unidirectional control.

This approach allows the study of such string stability problems in a generalised fashion
for all unidirectional strings regardless of their communication range. The communica-
tion range only determines the degree of the complex variable z in the transfer function
Hé7 (s, 2) but does not require a change in the methods used to analyse the stability of the
system.

However, every such system derived from a vehicle string model features an unavoidable
structural nonessential singularity of the second kind on the stability boundary and special

care is required to guarantee that the induced operator norm remains bounded in this
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Figure 3.9: Unidirectional string with communication range 2, h =1, a = 0.1 and 0.3

region. Hence, the advantages of a generalised stability analysis for unidirectional vehicle
strings are partly relativised due to this required additional step in the analysis.

Another disadvantage of this frequency domain approach is the fact that the poles z(s)
of Hé, i(s, 2) are functions of the complex variable s. Thus inspecting the poles requires an
infinite number of numerical calculations or a more advanced criterion to test the location
of the poles.

Therefore, it will be the aim of the following chapter to derive different stability condi-

tions for linear two-dimensional systems including singularities on the stability boundary.
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3.A Chapter Appendix

3.A.1 Parameter Choice for the Disturbance Signal

To ensure ’

JE(~, )H2 = 1 we have to choose «,, and g, appropriately. Note that

|

. 2 &7
de(, )H2 = Z/ (ovoe™ " coswot - e~ " cos Hok)Q de
0

k=0
o) oo
= Z g e "% cos? Ook - / ol e > cos® wotdt. (3.93)
k=0

0



3.A. CHAPTER APPENDIX 49

We will start by examining the part of d. (t, k) depending on t. Assume first that 0 < |wg| < oo.
Solving the integral on the right hand side of (3.93) yields

o0

/ aioe_2€t cos? wotdt
0
a? 2 o
:szlwg [eQd cos wot (—2€ coswot + 2w sinwot) — 90 o —2et »
o2 w2
=0 (242 ). 3.94
462+4w8<6+ e) (3.94)
Thus, a2 has to be
4€? + 4w?
2 0
=—. 3.95
Yo = 9 1 wi /e (3.95)
In case wp = 0 solving the integral on the right hand side of (3.93) yields
s 2 2
2 =2t 3, Yo 1 —2e70 _ Qw
/awOe dt —2—60 e L:O = 26“. (3.96)
0

Thus, set oz?uo = 2¢. Solving the summation on the right hand side of (3.93) for 0 < 6y < 27

yields
> © af o2k 4
Z a‘%oe—Qek COS2 90]{? — Z 0o 1 (e_]290k + 24+ e—]290k)
k=0 k=0
70450 1 N 1 — e 2¢cos 26y (3.97)
2 \1—e"2  1—2c2¢cos20y+ c—4e '
So ag, has to be chosen appropriately
2
o, = (3.98)

1 + 1—e—2¢ cos20g
1—e—2¢ 1—2e—2¢ cos 20p+e—*¢

In case 6y = 0 observe that the summation on the right hand side of (3.93) simplifies to

2

%S o o2
ZO{%OC 2¢k :1—760_25 (399)
k=0

Hence, choose o, =1 —e™?¢ to guarantee that the Ly norm of de(t, k) is 1.

oL
o
o
¢
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3.A.2 The Limit of the Disturbance Signal Norm

Note that

~ . 2
lim //’De(jw,efe)’ dwdd
e—0
Re

jw+e 1 — e “cosfpe 7 2d "
o : . w
5~>0 " (jw+€)? +wd b1 —2e—<cosfpe 19 + e 2¢e—2i0
2
. jw+ €
—1 i

vy 0w + €)? + wd n

Re(w)

< 2
1 — e €cosfpe I

-li - — | df 3.100
) 00 T " 2e—< cos Ooe=30 4 e—2ce—250 ( )

Re(0)

where Re(w) = {w @ Jw+ wo| < e} and R (F) = {0 : |0 £ 6y| < /e}. To show that
limeo [ |D.(jw,e’®)|2dwdd = (27)% we will start to evaluate the part of D, depending
on w, i. e. the first limit on the right hand side of (3.100) and assume first that 0 < |wg| < occ.
(Note that In is the natural logarithm.) Thus

/ _gwte [P
Gt O + R
Re(w)
/ 9 w? + € d
= o w
€Ot — 2(w§ —e?)w? + (w% + €2)?

1 2, 2 2
Ugm[—woeln(wo—i—e + 2wow + w )

) o (42

IR (w)

+ (4€® + 2w() <arctan (w +

+wpeIn (wg + €2 — 2wow + w2) (3.101)
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The next step is to evaluate the antiderivative for both peaks (around wy and —wg) and
the limit for e — 0:

lim /

€e—0
Re(w)

1 1
=i e
20 <a‘*’“ 8 (€2 + wi)e

2 1
+woeln (62 + e) + (462 + 2w§) (arctan (M) + arctan (7))

€ €

+wpeIn (4w§ + €2 — dwor/e + e) — wp€ln (62 + e)

— (4€° + 2u() (arctan (M) + arctan <%ﬁ)) ]do

+1i 2 1 !

im =

=0 “oR (€2 +wd)e
0ER

1 -2
—woeln (€% +€) + (4€® + 2w() <arctan <7) + arctan (M)>
€ €

+wpeln (62 + e) — wpeln (4w§ +e2+ dwor/€ + 6)

— (4€% + 22) (arctan (-%/E) + arctan (M)) D (3.102)

2

Note that with (3.95) we get 8(;:32)5 = 2(621w2)’
0 0]

. 2
Jw + € dw

— wpeln (4w§ +e+ dwor/€ + 6)

lwoe In (4w3 + €2 — dwor/e + e)

and equation (3.102) becomes

. Jw+ €
lim Qo775 3| dw
e—0 (jw+€)?+ws
Re(w)
1 T T T T
e RIS RN
pz| Ut g ty) TG T g
1 T 7 T T
Ry 02450245
Tz | PR3 T g “\T2 72
—or. (3.103)

—et

In case wg = 0 the part of de(t, k) depending on t simplifies to «y,e Its Laplace

transform is o, /(s + €). Setting s = jw and examining the limit of the integral of
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|/ (jw + €)% over [—/€, /] yields

Ve 9 Ve 5
aw . aw
lim / —2 | dw =1lim 0 _dw
e—0 Jw + € e—0 w? + €2
—Ve —Ve
. a? w1Vve
= lim —2 {arctan —}
e—=0 € €l_\/e

1
e—0 € \/E —\/E)
=9, (3.104)

. 2e 1
= lim — [ arctan — — arctan

In case |wo| — oo choose the time dependent part of de(t, k) equal dy(t) = vV2Ne Nt

. 2
Applying the Laplace transform and examining the limit of the integral of ‘D N(w)‘ over

the interval Ry = [—NQ, —\/N} U {\/N, NQ} yields

2
lim /’ﬁ{\/QNe_NtH dw
N—oo
RN
. 2N
= lim

N—oo w2+N2
RN

dw

I ZN[ + w}
= lim — |arctan —
N

N—oo RN

N —oc0

1
= lim 2 <arctan — arctan(—N) + arctan(N) — arctan —>

1
—VN VN
=2r. (3.105)

Also, the limit of the interval over the second term on the right hand side of (3.100) has

j 2
1—e~ ¢ cosfpe 77
€ cosfpe—70fe—2¢e—259

to be equal 27. First, let us assume 0 < 6y < 27 and write |, 7—55=

as

» 2
1 —e €cosbye™?
Qy 4 ,
°1 — 2e~€cosfpe=70 4 e—2¢e—250
) 1— & (ef% — e73%) (/% — e79%) + e72¢ cos? b
=« , 4 , 4 ——— ———
fo (1 — e—etifoe=if) (1 — e—¢—ife=i0) (1 — e—¢—i0ei?) (1 — e—ctifoei?)
B
=al (M
=Qy, ( + 1 _ o—ctibog—40 + 1 _ e—c—Jdbog—if

C D
+ 1 _ e300t + 1_ e€+j9oej9) (3.106)
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with
A—D— 1— e;e (ej90 _ e—jeo) (e—f+j90 _ ee—jeo) + %€ cos? 0,
(1 —e=2€) (1 — e4200) (1 — e~2¢+3200) )
B—C — 1-— e;e (ej90 _ e*jeo) (eefrjeo _ efefjeg)jL 2¢ cos? B,
(1 —e=2€) (1 — ei200) (1 — e—2c—4200) ;
" :e—2€+4j90 _ 264200 662§, (1+ 6_26) o420 _ o200 | g2

(1 _ 6726) (1 _ ef2e+2j90) (erOU _ 6726)

The anti-derivative of (3.106) is

2

1—e € 0 —30
e~ “cosbpe a0

g : 4
%1 — 2e~€cosfpe79 4+ e—2ce—2j0

/

Re(6)

1 _ .
—al, [Me A <9 (- eeﬂ%ew)>

+ B <9 + %111 (1 - e‘jeoeje)) + B (9 - %111 (1 — eeje“eje)>

1 L
+ A (9 ——=In (1 — efﬂeoeﬁ))] .
J OR.(0)

53

(3.107)

(3.108)

(3.109)
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Evaluating it at OR(0) yields

/

Re(9)

1 . o
=ag, [MHO +Mye+ A (90 + e+ ;m (1 _ e-eﬂeoe-ﬁo_m))

2

1 — e cosfpe 7’
e~ “costpe a0

g : ,
°1 — 2e~€cosfpe79 4 e—2¢e—250

+B (90 4 et %m (1- e—e—jeoe—jeo—jﬁ))
( )
)

1 ) o
—~M0y+ Mye+ A (—90 ++ve—=In (1 — e_€+]9°e_39°+3\/g))
J

+B(60y++ve—=-In (1 — =90 gi00tiVe
J

+A <90 +e—=-In (1 — g€ tifogibotiVe
J

1 . . )
+B (—90 ++ve—=In (1 — e_E_Jeoe_J‘%‘”ﬁ))
J
1 . ) .
+B (90 +Ve+ —In (1 - eejeoeje‘)]\/z)>
J
1 . ) .
+A <90 ++Ve+=In (1 — e‘ﬂe“eﬁofﬁ))
J
1 . . .
~ MOy + M/e+ A (—90 ++ve+ =In (1 — eEﬂ"Ole’Hﬁ))
J
1 e300 00—
+B —90+\/E+—,1n(1—e 100g1%0 =1 )
J
1 ) o
+B (90 ++ve—=-In (1 - e_G_JBOe_J‘%"'Jﬁ))
J
1 ) L
+A <90 +Ve—=In (1 — e€+]0“e390+3‘/g)>
J
1 . . .
+M6y + M\/E—f— A (90 + \/E_ “ln (1 _ ee+]906J00+]\/€))
J
1 L )
+B (90 ++ve—=-In (1 — e_€_390e390+3\/g))
J
1 —e—3j00 —j00—j\/E
+B 90+\/E+—_1n(1—e I00gmI00 I )
J

+ A <00 + e+ l,ln (1 - efﬂ'"Oei"”ﬁ)ﬂ : (3.111)
J

€

Subsequently we will allow € to go to 0. Note that A, B, and M contain the term 1 —e™2
which is going to 0. However, it will cancel out with the same term in ago so that the

limits of o A, o B, and aj M for e — 0 exist and are bounded. For this reason the limit
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of the integral can be simplified significantly to

2

. 1 — e €cosfpe 7 a0
im o : .
e—0 o7 " 26—<cos Oge=30 4 e—2¢e—250
Re(0)
i 2 1 —€n—iVe 1 —endVeE
=lim 205 (A + B) —,ln<1—e e’ )——,hﬁ(l—e e’ )
e—0 0 ] ]

1
= lim 20430 (A+ B)- (ln (\/1 — 2e~€cos e+ e—2€)
e—0 ]

—In (\/1 — 2e~€cos/e + e—2€)

e~ “siny/e

+ i arct et —e~¢sin4/e
arctan —————— — jarctan ————
J 1 —e ccos+/e J 1 —e ccos/e
I
=lim2a; (A+B) (= —— ). 112
Jixp 20, (A + )(2 2) (3.112)

The limit of agoA is

lim 02 A — lim 1— " (ef% — e’j(?) (emc+ito - e"‘jeo) + e2¢ cos? b
e—0 e—0 (1 — e=7200) (1 — e—2¢+5200)
9 1 —2e2%¢cos26y + e €
1 —2e72¢c0s20p + e~4 + (1 —e=2¢)(1 — e~2¢ cos 26)
1— 1 (ef% —e7%) (e7% — e=3%) + cos? f
(1 —e=7200) (1 — es200)

1 —3(2cosp)? + cos?

=2

1 — cos 26y
11— cos? 6
~ 2sin® 6,
1
=5 (3.113)

The limit of agoB for e — 0 can be evaluated in the same way and is 1/2 as well. Therefore
(3.112) becomes

2

1—e € —j0
e cos fpe 9 = 2r. (3.114)

lim . .
e—0 2e~¢€ cos fpe~I0 + e—2ce—240
Re(0)

a‘goli

In case 6y = 0 set the k dependent part of (fe(t, k) to ag,e~*. Applying the unilateral Z
transform with respect to k, integrating the square of the Z transform over 6 € [—+/¢, \/e]

OOOOO
O

¢
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and evaluating the limit as e — 0 yields

Ve 9
760
lim [ |——0® | g9
e—0 6]0 —e €
—Ve
Ve ag
=1 o do
s 1 —2e€cosf +e2¢
—Ve
: 203, l+e 242  6\]V"

= lim arctan ﬁ tan 5

TS+ e —gem2e —e Ve

2 2
1+ 626 1+e2€ /_—

=lim 2 [ arctan g tan ﬁ — arctan ( ) tan ¢

€—0 1—e 2 2 1—e 2 2

le—s —lez 1

=2 hH(l) arctan 47227 + arctan 1€ 3 52

e— e € /e —4€

1+ (%) e 1+ (= ) ¢
=27.

(3.115)
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Internal Stability of Linear 2D Systems

In this chapter we will discuss internal stability of linear two-dimensional sys-
tems described by the Roesser model. In particular sufficient conditions for
stability, exponential stability and asymptotic stability will be derived. This will
be done wusing linear matriz inequalities and a generalised motation studying
continuous and discrete variables simultaneously. Special attention is paid to

the analysis of systems with singularities on the stability boundary.

Chapter contents
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4.1 Introduction

As discussed in the previous chapter a homogeneous platoon of vehicles with unidirec-

tional control can be described as a continuous-discrete two-dimensional system. However,

the stability analysis in the frequency domain yields some significant disadvantages. One

drawback is the fact that every such system inherits an unavoidable structural nonessen-
tial singularity of the second kind (NSSK) on the stability boundary. Thus, the induced

operator norm in the frequency domain has to be examined with special care around this

singularity.

The aim of this chapter will be, therefore, to derive different conditions for the stability

of two-dimensional systems in the time domain using linear matrix inequalities (LMI).

Every system including a NSSK on the stability boundary in the frequency domain will

also exhibit a singularity on the stability boundary (SSB) in the time domain description.

Hence, as it will be shown later, no sign definite solution of the LMI can be found. Thus,

000
@)
O O
0
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previously derived conditions for stability of two-dimensional systems in the time domain
presented in the literature cannot be applied as they require sign definite solutions.
Conditions for stability and asymptotic stability of linear two-dimensional in the time
domain will be studied that only require semi-definite solutions to the LMI. Therefore,
they are suitable to examine the stability of linear two-dimensional systems including SSB.
The conditions to guarantee exponential stability proposed here demand a strictly sign
definite solution. Even though these conditions are only sufficient it will be shown that

systems including SSB cannot be exponentially stable.

After clarifying the notation in Section 4.2 and giving some preliminary results in
Section 4.3 we will prove exponential stability for two-dimensional systems in Section 4.4.
Asymptotic stability of two-dimensional systems under suitable assumptions which include
systems with SSB is studied in Section 4.5. All results in these sections will be given using
a generalised system model that describes continuous, discrete and continuous-discrete
systems simultaneously. The chapter concludes with string stability analysis for different

vehicle platoon settings in Section 4.6.

A short version studying the stability of continuous two-dimensional systems has been
accepted for publication in the Proceedings of the IEEE Conference on Decision and Con-
trol (CDC), Knorn and Middleton (2012b).

4.2 Notation

We will study stability of two-dimensional systems using a unified notation to describe the
stability of the state variable x(¢1,t2) where for ¢ € {1,2}

) R>o if ¢; continuous,
t; €T, thatis ¢; € - (4.1)
Ny  if ¢; discrete.

We will use the generalised derivative operator §; for i € {1,2} to represent either a

derivative (continuous) or forward difference (discrete) with respect to ¢;. For example:

i . .
b1ty ) = atlm(tl,tg) if ¢; continuous, (4.2)
x(t1 + 1,t2) — x(t1,t2) if ¢ discrete.

The generalised integration operator S is defined as regular integration in continuous time

or left Riemann summation in discrete time. For example:

b
b x(t1,ts)dty if t; continuous,
S.’B(tl,tQ)dtl = ;{ ( ) (43)

zig_l x(ty,ta) if ¢ discrete.
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We will consider autonomous two-dimensional systems of the following form (Roesser
model, Roesser (1975))

o1z (ty,t2) _ A Agg| [zt t2) (4.4)
doxa(ty,t2) Ao Ao | \x2(ti,t2) .

6Z(t1,t2) A Z(tl,tQ)

where &1 € R™, x9 € R"™2, with the initial conditions @1(0,t2) = ®10(t2) and x2(t1,0) =

@20 (t1). The autonomous system (4.4) has a solution that must satisfy:

ty

IBl(tl, t2) = E(All)tlmlo(tg) + ggE(AH)TAm:BQ(tl —I; — 7, tg)dT, (45)
to
.’132(1517 t2) = E(Agg)t2$20(t1) + gOSE(AQQ)TA21$1(t1, tQ — ]IQ — T)dT, (46)

where I; for ¢ € {1,2} denotes the indicator function

0 if ¢; continuous,

1 if ¢; discrete,

and

eAt if ¢ continuous,

E(A) = (4.8)
(I+ A)t if ¢ discrete.

We say A is stable to mean either A is Hurwitz stable (continuous case) or I+ A is Schur
stable (discrete case). In either case, if A is stable, then there exist A > 0 (and in addition

A < 1 in the discrete case) and k < oo such that

HE(A)t < KE(-\)". (4.9)
Note that

T b, 1=B(=NT

SE(-N)'dt = —— (4.10)

?E(—A)tdt = . (4.11)

Moreover @ denotes the direct sum of matrices, e.g. P = P; & P, = diag{ Py, P>}, I and
0 denote the identity matrix and the zero matrix of appropriate dimension, respectively,
and the imaginary unit is denoted by j. Consider the two-dimensional vector Lyapunov

function

Vit = |SL00TR) 0 )] Pm(tl,t2)<vl(t1’t2)> (4.12)

0 x¥ (t1,ts Va(ti, t2)

0©0%0
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with P, = P >0, P, =P} >0, P=P, ® P, and

div V (t1,t2) = 61Vi(t1, t2) + 62Va(ty, t2) (4.13)
with 6;Vi(t1,t2) = 27 Q;z and

Q=Q:+Q> where Q,=A"P,+ PA+IL,ATP,A foriec {1,2} (4.14)

with pl = (Pl D 0) and 132 = (0 D PQ)
Note that the generalised 7; transform for i € {1,2} is

Ti{zt)} = X(&) = Calta)} = Xlso) ?f t C(_mtinuous’ (4.15)
Z{x(t;)} = X (2;) if t; discrete,

and &; for ¢ € {1, 2} is the Laplace variable s; if ¢; is continuous or the Z transform variable

z; 1f t; is discrete.

Definition 4.1 (Singularity on the Stability Boundary (SSB))

The two-dimensional Roesser Model has a singularity on the stability boundary if
there exits a set of w; (if t; is continuous) or 0; (if t; is discrete) such that the matric
(& —I)I @ (& —I)I) — A is singular for & = jw; or & = €% | respectively.

We will make use of the following different definitions of initial conditions.

Definition 4.2 (L; and L., Bounded Initial Conditions)
The initial conditions of a two-dimensional Roesser Model are Ly and Lo, bounded if

there exist ¢;,(; < oo such that for i € {1,2}

l2io()[3 = § lwio(t)2dt < i, and (4.16)

[Zi0(-) oo = sup [zio(t)] < G- (4.17)
>0

Definition 4.3 (L4 and L7, Smooth Bounded Initial Conditions)

The initial conditions of a two-dimensional Roesser Model are smooth bounded initial

conditions if they are Lo and Lo bounded according to Definition 4.2 and in addition there
exist ¢, (!, ¢! < oo such that fori € {1,2}

6i0 (I3 = S Iz (H)*dt < ¢, (4.18)
[0@io(-)lloo = sup 0zio(t)| < ¢, and (4.19)

(8% ()l = sup P20 )] < ¢/ (4.20)
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Definition 4.4 (Exponentially Decaying Initial Conditions)
The initial conditions of a two-dimensional Roesser Model are exponentially decaying,
if there exist p; > 0 and Kk; < oo such that for ik € {1,2} i #k

|20 (tr)| < e e (4.21)

We will discuss the stability of two-dimensional systems according to the following

definitions.

Definition 4.5 (Stability of Two-Dimensional Roesser Model)

The autonomous two-dimensional Roesser Model (4.4) is stable if for each M > 0
there exists a set of ¢;(M), (M) > 0 such that if the initial conditions are in Ly and Lo
with bounds ¢; and (; for i € {1,2}, respectively, then

|$13(t1,t2)| <M fOT all t1,t2 > 0. (422)

Definition 4.6 (Asymptotic Stability of Two-Dimensional Roesser Model with Smooth Bounded

Initial Conditions)

The autonomous two-dimensional Roesser Model (4.4) is asymptotically stable, if for
any Smooth Bounded Initial Conditions (according to Definition 4.3) it is stable, and the
following limit holds

t14ta2—00

Note that asymptotic stability requires the states to tend to zero as t1 +t2 — 0o. That
includes the cases where t; — 00, to — 0o and the double limit limy, 4, o Where ¢; and

to tend to +oo at the same time but in any possible form and direction.

Definition 4.7 (Exponential Stability of Two-Dimensional Roesser Model)

The autonomous, two-dimensional Roesser Model (4.4) is exponentially stable, if for
any exponentially decaying initial conditions there exist n; > 0, and M; < co such that for
i € {1,2} the following condition holds:

|$13i(t1, t2)|§ S Mieinltleinzt? (424)
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4.3 Mathematical Preliminaries

Before presenting our results concerning the asymptotic stability of two-dimensional sys-
tems we would like to show the connection between singularities on the stability boundary

and the solution of the Lyapunov equation.

Lemma 4.1

Consider the autonomous two-dimensional system (4.4). If the system has a singularity
on the stability boundary (SSB), then for every symmetric choice of Py and Py, there exists

a nonzero vector v such that vi'Qu = 0 where Q is given in (4.14).

Proof The characteristic polynomial is equal to:

—-IHI-A —A
den(&1, &) = det (&~ 1) 1 ' . (4.25)
—Aog; (&2 —I)I — Ay
Since the system has a singularity at & = jw; or & = e/% . respectively, the matrix

(&1 =TI @ (& — I)I) — A has an eigenvalue at 0 for & = jw; or & = /% respectively.

Therefore, there exists a vector v € C™ such that

Q(«El —LI 0 ] - A) v =0. (4.26)
0 (& —I)I

Using (4.26) we can rewrite v''Qu = v (Q1 + Q2)v and see from (4.14) that for instance

if ¢ is continuous and ts is discrete

v1Qu =0T AT Py + 0P Av + v AT Pyv + v Py Av + 01 AT Py Av

H
:’UH jwll 0 Pl 0 ’U+’UH P1 0 ]wlI 0 v
0 0 0 O 0O O 0 0

H
110 0 0 0 H10 0110 0
+v ) v+ . v
0 (¢ —-1)I| [0 P, 0 P |0 (¢ —1)I
H
g 10 0 0 o] |0 0
+v ) ) v
0 (e —1)I| [0 P| |0 (/' —1)1
q (—jw1 +jw1)P1 0
=v . . . . v
0 (e79%2 —1 e —14+1—e 902 — %2 1) P
=0. (4.27)

If ¢, is discrete or ¢, is continuous it can be shown in a similar way that v" Qv = 0. Thus,
vH Qv = 0 independently of P. O

Note therefore that, for a system including SSB it is not possible to find positive definite
matrices P; and P5 such that @ is sign definite.
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Even though for systems including SSB @ can never be sign definite, the existence
of a negative semi-definite  with some additional assumptions on A is sufficient for
stability. Furthermore, with assumptions on the initial conditions we are able to guarantee
asymptotic stability (with bounded smooth initial conditions).

Before we show stability we will first use some interesting properties of two-dimensional

nonnegative vector fields with nonpositive divergence.

Lemma 4.2

Consider the two-dimensional space of two variables t1 and te and the two-dimensional
nonnegative vector field V¥ (t1,t2) = (Vi(t1,t2), Va(t1,t2)). If the divergence of the vector
field V (t1,t2) is nonpositive for every t1 and ta, then the generalised integral of Vi (t1,t2)
and Va(ty,t2) over to € [0,T2] and t1 € [0,T1], respectively, is bounded by the initial
conditions V1(0,t2) and Va(t1,0), that is for all Ty, To > 0:

T> T> T
<§ i (Tl,tg)dtg < <§ i (O,tg)dtg + (OS‘/Q(t:[, O)dtl, (4.28)
Th T> T
(OS‘ ‘/g(tl, Tg)dtl < (OS‘ i (O,tg)dtg + tg%(tla O)dﬁl. (429)

Proof To prove this lemma we will simply consider the generalised surface integral of the

divergence of V' (t1,t2) over the rectangular region t1 € [0,71], t2 € [0, T5):

2

T
W(Tl,Tg) = gg

ot

((51V1 (tl,tg) +62‘/2(t1,t2))dﬁ1dt2. (430)

Using the fundamental theorem of calculus or Gauss Divergence Theorem for continuous

variables and simple arithmetic for discrete variables, (4.30) can be transformed into
T2 T2
W(T,Ty) = <§ Vi(Th,t2)dts — ‘OS‘/l(Oth)dtQ
T T
+ gg ‘/vg(tl,Tg)dtl — tg‘/Q(tla O)dﬁl. (431)

Since the divergence is nonpositive for every ¢; and ts, from (4.30) we get W (7T1,Ts) < 0.
Also, Va(t1,t2) is a nonnegative function of ¢; and ¢2. Therefore (4.31) implies (4.28). The
bound on of the integral of Va(t1,t2) in (4.29) follows equivalently. O

We now consider the two-dimensional Lyapunov function V'(¢1,t2) introduced above,
to show that under some assumptions @i(t1,t2) and @2(t1,¢2) in (4.4) are bounded and

the system is therefore stable according to Definition 4.5.

Corollary 4.1 (Stability of Linear Two-Dimensional Systems)

Consider the autonomous two-dimensional system in (4.4). If the following conditions

hold
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(i) Ai1 and Ags are stable, and

(i) there exist positive definite, symmetric matrices Py and Py such that @ < 0, where

Q is given in (4.14),

then the system is stable according to Definition 4.5.

Proof Since Aj;; is stable, there exist k; < oo and A; > 0 (and A; < 1 in the discrete case)
such that HE(AM)“ < k;E(=\)". Therefore, using (4.5) we have

t1
|1 (t1,t2)] SlﬁE(—)\l)tl |z10 (t2)] +«gk1E(—)\1)T [|A12] |22 (t1 — I — 7,t2)| dT.
(4.32)

We choose P; as in condition (ii) and then define the Lyapunov function candidate V; (¢1, t2)
x (t1,t2) Poxy (t1,t2). Using the definition of Va(t1,t2) and the Cauchy-Schwarz inequal-
ity, (4.32) becomes

t
bl Sy m h

V Umin(PZ) 0

k1||A12|| 51 2 1/2 ty 1/2
< + — — .
<k1 |z10 (t2)] (P gE( A1) dr g Va (,t2) dr

|1 (t1,t2)] <k1|®10 (t2)] +

(4.33)
With (4.10), Lemma 4.2 and the fact that the initial conditions are in Lo, (4.33) becomes

kil Aw|  [1—E(=x)*"
\V Umin(PZ) 2)‘1 - )‘%Hl

t b 1/2
. <§ V1(0, 7)dr + <§ Va(r, O)dT)

|1 (t1,t2)] <k1|®10 (t2)] +

kil Az
)+ .
\/Umin(PQ)\/2>\1 — )\1111
Note that since for ¢; discrete we have I; = 1 and \; < 1 we find that 2\; — A2I; > ;.
Thus, 1/(2X\; — M21;) < 1/);. Since the initial conditions are also in Lo, we find that
k]| Az ||
\/ Omin (PZ) V )\1
for all t1,t2 > 0. Note that the bound M; is scaled by the Lo and L., norms of the initial

conditions, i.e. {1,c¢1,c2. A similar bound for @a (t1,t2) can be found in the same way.

SK1 |10 (L2 1/|C1 2]|C2 . .
<ki |10 ( (1Pl + | Pofle2) . (4.34)

|21 (t1,t2)| < My =t kaGy + (1Prller + || Pafles)'/ (4.35)

The system is therefore stable. O

The following corollary shows stability for systems whose matrices A1 and Aso are
not strictly Hurwitz or Schur stable but have singularities on the stability boundary and
additional assumptions on A5 and As;. It will be used to show stability of the system

presented in Example 4.3.
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Corollary 4.2
Consider the autonomous two-dimensional system in (4.4). If the following conditions
hold

(i) Ai1 and Ass are marginally stable and for eigenvalues on the stability boundary the
geometric multiplicity is equal to the algebraic multiplicity,

(ii) the marginally stable modes of A11 and Aase are not controllable by Ai2 and Aay,

respectively, and

(iii) there exist positive definite, symmetric matrices Py and Py such that Q < 0, where

Q is given in (4.14),

then the system is stable according to Definition 4.5.

Proof The proof is similar to the proof of Corollary 4.1 above. Note that if Ay is
marginally stable and the geometric multiplicity of each marginally stable mode is equal
< k;. Since

we assume that the algebraic and the geometric multiplicity of the marginally stable eigen-

to its algebraic multiplicity than we can find a k; < oo such that HE(A“')“

values are equal we can furthermore find a state transformation matrix T and A} > 0 (and

in addition Af < 1 in the discrete case) such that

B(Ai)" Ay < T (Lug @ B(-X) "L,y ) TAuk (4.36)
where n;o is the number of marginally stable eigenvalues of A;;. The marginally stable
eigenvalue of A;; +1; is not controllable by A;x for i # k. Thus, (4.36) yields

, , 0
E(A;)" Ay <T ' (T@E(-\)"T [ ] 1
( ) Al

-1

(=) Aj,

0 ] . (4.37)

Hence there exists a k} such that HE(A”)t A
by

’ < k¥E(—X7)". Therefore (4.5) is bounded

t1 -
|.’131 (tl,t2)| S kl |.’1310 (t2)| +<§k?E(*)\>{) |.’132 (tl — Hl - T, t2)| dr. (438)

Using similar steps as in the proof of Corollary 4.1 above we can show that

ki Piler + || Po|ca

Umin(P2) m

|1 (1, t2)] < k11 + (4.39)
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Under the same assumptions as in Corollary 4.1 we can further show that not only is
x;(t1,t2) bounded (that is in L) but also the generalised integrals S¢° |z1(t1,t2)|?dt; and
S |x2(t1,t2)|?dty are bounded. This will facilitate the proof of asymptotic stability later

in Section 4.5.

Corollary 4.3
Consider the autonomous two-dimensional System in (4.4). If the following conditions
hold

(i) the initial conditions are Lo and Lo, bounded according to Definition 4.2,
(i) Ai1 and Az are stable, and

(iii) there exist positive definite, symmetric matrices Py and Py such that Q < 0, where

Q is given in (4.14),

then there exist My, My < oo independently of to and t1, respectively, such that

(OS‘ |:B1(t1,ﬁ2)|2 dtl S Ml and gg |Il:2(t1, t2)|2 dtg S MQ. (440)

Proof From (4.32), note that
Sl (tr, t2)| dty <243 S B(=M)*" |0 (t2) ] dy (4.41)
243 A |? S (fg B(—A\) ot — 1 — 7, t2)|d7)2 dty.
The first term of the right hand side of (4.41) can be bounded by

2% 2t 2 2k1¢F
2]{51 ggE(—)\l) |$1Q (t2)| dtl < )\—
1

(4.42)
With the Cauchy-Schwarz inequality the second term of the right hand side of (4.41) allows

a bound to be calculated as
2 29 (1 T 2
2k1||A12|| <§ (cOSE(—)\l) |$2(t1 —Hl -7, t2)|d7') dtl

oo [ty ty
§2k%||A12||2 <§ (cOSE(—)\l)TdT) (cOSE(—)\l)T|:B2(t1 — Hl -7, t2)|2d7') dtl

2k3|| A2||? o2t
= 1H)\ | SEE(=M)" |2ty —Th — 7, t2)|* drdty. (4.43)
1
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Interchanging the order of integration in (4.43) yields

2k3 || Az ||* 5ty I-
7”& 12| SSE(=M)" T a7, ta) Pdrdty
1

2k Asa]l? g n-
<2RlAel”F S B I e (r, 1) Pdtrdr

M 0 7+I
2k2|| Ay o=
<— 1”>\212H o (7, ty)[*d7. (4.44)
1

Taking the limit as T3 — oo of (4.29) in Lemma 4.2 on page 63 we see that the generalised
integral in (4.44) is bounded independently of 3. Thus ‘M exists. The existence of My

can be shown in the same way. (I

To facilitate the proof of asymptotic stability of two-dimensional systems in Section 4.5
we also need results on the state derivatives. We will show that under suitable assumptions
the first generalised derivatives, i.e. d;x(t1,t2), i,k € {1,2}, are in both Lo [0,00) X
[0,00) and Lo, [0,00) X [0,00) and the second generalised derivatives, i.e. §2xy(t1,t2) and
di0kay(t1,t2) for i,k € {1,2}, are in Lo [0,00) x [0, 00).

Lemma 4.3

Consider the autonomous two-dimensional system in (4.4). If the following conditions

hold
(i) the initial conditions are L} and L’ smooth bounded according to Definition 4.3,
(i) Ai1 and Ass are stable, and
(iii) there exist positive definite, symmetric matrices Py, Py and R such that Q@ = —ATRA,
where Q is given in (4.14),

then

(a) the first generalised derivatives of x1(t1,t2) and ®2(t1,12) are in Lo [0,00) x [0, 00)

and Ly [0,00) x [0,00), i.e. there exist Mg, M ;i < 0o such that for i,k € {1,2},

sup  [0mi(t1, t2)] < Mig (4.45)
(t1,t2)€T1 X T2

O‘Oéjfgo |6k$i(t1, t2)|2dt1dﬁ2 S Mik; and (446)

(b) the second generalised derivatives of x1(t1,t2) and xa(t1,t2) are in Lo [0,00) X [0, 00),
i.e. there exist M < oo such that for i,k,1 € {1,2}

sup |5k51mi(t1,t2)| S Mikl- (447)
(t1,t2)€T1 x Ty

0°%0
¢ @)

o
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Proof (a): We will first show that §y21(t1,t2) (and daxa(t1,t2)) are in Lo [0, 00) X [0, 00)

using the state space description for §1@1(t1,%2) in (4.4) and transform it into
|0121 (81, t2)| < [[Auall - |21 (1, t2)| + [|Avall - 22(t1, 22)]. (4.48)

Since @1 (t1,t2) and @2(t1,t2) are stable (Corollary 4.1) there exist M; < oo such that
|x;(t1,t2)| < M; for all t1,t2 and ¢ € {1,2}. Thus, My; = ||A11||M;1 + ||A12]|M2. The
existence of My can be shown in the same way.

To prove that daxy(t1,t2) and d1xa(t1,t2) are in Lo [0,00) x [0,00) as well, we will
take 02 of (4.4)

01 (b21(t1,t2)) = Aq1 (d2@1(t1,t2)) + Arz (d2x2(t1,t2)) (4.49)
That yields
|02 (t1, t2)| <E1E(—=M\)" [d210(t2))|
il Al - [$ B(-A) damalts — Ty — 7 ta)dr

k1||Aiz|| Mao
A

The boundedness of ;x5 (t1,t2) can be proven in the same way.

Sklci + =: M12. (450)

To show that the first generalised derivatives are also in Lo [0, 00) x [0, 00) we will use the
Lyapunov function candidate V' (t1,t3) from (4.12). Given the fact that = (¢1,t2)Qx(t1,t2)

is the divergence of V' (t1,t2) we can show with the fundamental theorem of calculus that

2Ty S11(t1, t2)
S S (61T (t1,ta) SoxT(t1,t2) | R ’ dtqdt
00 ( lml( 1, 2) 2:1:2( 1 2)) <52$2(t1,t2) 1402
T> T
< g%(o, tg)dtg + ((S): ‘/Q(tl, O)dtl. (451)

The limit for 71, T2 — oo of the left hand side of (4.51) can be bounded from below by

00 00 ) t ,t
cgcg ((‘)‘1$F1F(t1,t2) 62$g(t1,t2)) R( 1$1( ! 2)> dtldtg

doxa(ty, t2)
011 (t1,t2)
doxo(t1,t2)

The right hand side of (4.51) can be bounded by

ZO‘min(R) O§ TSO

2
dt dts. (4.52)
00

Ty T (e} %)
«gvl(O,t2)df2 + ‘g Va(t1,0)dt; < <§V1(0,t2)df2 + <09 Va(t1,0)dtr < || Piller + || Pzllca-

(4.53)
Hence,

2% Pilci + || Poflca
S S |61 (t1, t2)|* dt1dt N =M 4.54
0 0| 1531( 1, 2)| 1dlg > Umin(R) 11, ( )
<% Piley + || Paflee <
S S 0oz (t1, t2)|* Aty dt 5 —: Moo. 4.55
33 | 2532( 1, 2)| 1dte > Umin(R) 22 ( )
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To show the existence of M5 we will transform the solution given in (4.5) into

O‘Oéf O§|62m1(t1, t2)|2dt1dﬁ2 S Qk% O‘Oéf O‘Oéf E(—)\1)2t1 |52$10(t2)|2dt1dt2
oo oo |ty 2
+2/€%||A12||2 gg gg ggE(—)\l)tliﬂliT(Sgwg(T, ﬁg)dT dtqdts. (456)

Since the initial conditions are L} smooth the first term on the right side of (4.56) can be
bounded by

2k § § B(=1)™"! 0o (t2) [Pdtrdts < ;Cl (4.57)
1
The second term can be transformed using the Cauchy Schwarz inequality
oo oo [ty b T — 2
2k%|‘A12H2 gggg cOSE(—)\l) e 752:32(7', ﬁg)dT dtldtg
oo [ty
<234l §F ($BCAar
t1
. ‘OSE(f)\l)tlilhiTMQwQ(T, t2)|2d7') dtldtQ. (458)

We will now solve the first inner generalised integral and change the order of (generalised)

integration of the remaining part. Thus (4.58) becomes

2
oo oo |t
2k7[| Ar2|* § S ‘OéE(fAl)“*““ézmz(T, ta)dr| dtidiy

2k?|| A12]? < -7
———%fﬂtﬁﬁﬁfhE«Anhﬂl|®wxﬂmnﬁnmﬂw

2k2(| Aya||? o2
g% § 3 sl 1) drdts

2k?|| A1z —F
_% = Mis. (4.59)

(b): To complete the proof we will show that the second generalised derivatives are
in L; [0,00) X [0,00). First the norm of the generalised derivatives d%xi(t1,t2) and
010221 (t1,t2) will be considered. Taking the generalised derivative of the first part of
the state space description (4.4) with respect to ¢; or 2, respectively, yields

51y (t, t2) =Andizi (b, t2) + Ar2br1@a(t1, b)), (4.60)
01021 (t1,t2) =A1102@1(t1,t2) + Ar2022(ty, t2). (4.61)

Thus Mii; := ||An||Mi1 + ||Ai2||Mi2 and Mo = Migy = || A11||Mi2 + [|A12||Mae. To
show that |63@1(t1,t2)| is bounded, follow a similar argument as in (4.50), so that Mjao
becomes

k1HA12HM222

Miag = ki (Y + N

(4.62)
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The existence of May1, Mao1s, Mooy and Msso can be proven in the same manner. ]

We will now prove a two-dimensional version of Barbalat’s Lemma, (Logemann and
Ryan, 2004, Lemma 3.1), which will enable the proof of asymptotic stability of two-

dimensional systems.

Lemma 4.4

Consider the function f: Ty x Ty — R. If f(t1,t2) is both in L, [0,00) x [0,00) and
Lo [0,00) X [0,00) and both its generalised derivatives 01 f(t1,t2) and d2f (t1,t2) are in Lo
[0,00) x [0,00), then limg, 14,500 f(t1,t2) = 0 and f(t1,t2) is uniformly convergent in both

directions, i.e. for all € > 0 there exists a T'(€) < oo such that

V(t1,t2) € {T1 x [T'(€),00)} U{[T(€),00) x T2} : | f(t1,t2)] < €. (4.63)

Proof Define the supremum of f(¢1,t2) and the supremum over the maximum of both

generalised derivatives in the complete quadrant as

fi= sup |f(ti,t2)] and (4.64)

t1,t2€T1 xXTo

= sup  {max {[81f(t1,t2)], [02f (t1,22)[}} (4.65)

t1,to €T xTo
and the region R; as
Ry :={[0,l+ 1) x [, I+ D)} U{[l,I+1) x[0,])}. (4.66)

Note then that
£ G (0,00 x[0,00) = Z‘%f | f (1, t2)|Pdt1dEy < oo. (4.67)
=0

where SSp, -dt1dty refers to the two-dimensional general integration over the region R;.

Therefore,
lim SS |f(ﬁ1,t2)|pdt1dt2 =0. (468)
=00 Ry

Let the supremum of f within R; be defined as

fl = sup |f(t1,t2)|. (469)
(t1,t2)ER,

Then if ¢; is continuous

d _
sup  —— |f(t1,t2)]" < sup <p|f(t1,t2)|p !
(t1,t2)ERy dtq (t1,t2)ER;

d
—f(t1,t
dtlf(l’ 2)

) <o
(4.70)
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We will now bound the double generalised integral SSg, |f(t1, t2)[Pdt;dts from below using
the geometric form of f(¢1,%2) depending on the nature of ¢; and ts.

If both independent variables t; and to are continuous, SSg, |f(t1,t2)|Pdt1dts is the
double integral over a L-shaped surface. It can be bounded from below by the smallest
possible pyramid with height ff, where the base is bounded by % or the dimensions of
the region R;.

In case one variable is continuous and one is discrete (mixed case) SSg, | f(t1,t2)|Pdt1dts
is a summation of [ line integrals. It can be bounded from below by the smallest possible
triangle with height ?f, where the base is bounded by % or the smallest possible length
of any line fragment in R;.

If both variables are discrete SSg, |f(t1,t2)|Pdt1dts is a summation with 2/ + 1 sum-
mands. Thus it can be bounded from below by a single summand. (Here we will take the

maximal summand f.)

17 T : .
gfl mm{p U+ 1} -mm{p%,l} if t1, to continuous,
%S |f(t1,t2)[Pdt dty > %fl mm{ " 1} for mixed case,
1
Ep if t1,to discrete.

(4.71)

If both ¢; and to are discrete the result follows immediately from (4.68). In the continuous

case we can transform (4.71) into
- — — -
SS | f(t1,t2)|Pdt,dty z—ﬁp - min {i_/ (I+ 1)@} - min {i_/ ﬁ}
Ry pf f f

7
1 fp+2 mm{%,l;l}.min{%%}_ (4.72)
D p

Thus

7 <omax {F" %} max (57T} S5 (0, t2)Pdtadts

(maX {pfl f}) 88 |f tl, tg |pdt1dt2 (473)

As f/ and f are bounded f; tends to zero as | grows without bound. Hence from the
definition of f, (4.69), f(t1,t2) for (t1,t2) € R; tends to zero as [ grows without bound.

In case one variable is continuous and one is discrete a similar argument can be made. [

Most of the results derived above (such as Corollary 4.3, Lemma 4.3 and Lemma 4.4)
will be used in Section 4.5 to prove asymptotic stability for systems with nonpositive
divergence and smooth bounded initial conditions. They are not needed, however, for the

following proof of exponential stability.
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4.4 Exponential Stability

Before discussing asymptotic stability we will now present a theorem regarding exponential
stability of two-dimensional Roesser models. If a system with exponentially decaying initial
conditions admits a two-dimensional quadratic Lyapunov function with a strictly negative

definite divergence, it is exponentially stable.

Theorem 4.1 (Exponential Stability of Linear Two-Dimensional Systems)

The two-dimensional system (4.4) is exponentially stable if the following conditions
hold

(i) the matrices A11 and Aaa are stable, and

(i) there exist two positive definite, symmetric matrices Py and Py and scalars a1, as > 0
such that Q < — (a1 Py, @ aaPs), where Q is given in (4.14).

Proof We will show that the two-dimensional system (4.4) with exponentially decaying
initial conditions is exponentially stable by showing that there exist 11,72 > 0 such that

the system

Ii:l(tl,tg) :emtlethwl(tl,tg) (474)
Ii:g(tl, tg) :emtlemtz Lo (tl, tg) (475)
is stable.

The dynamical equation for the new, autonomous system is

0% =A& with (4.76)
_ e”lﬂll 0 A11 A12
B 0 67721121 A21 A22
1-1 m 1)) I 0
N (m(1 —1Tp) + (e )LL) (4.77)
0 (m2(1 —I2) + (e = 1)) I

Since the matrices A1; and Ass are stable we can choose a 1; > 0 small enough to guarantee
that A;; + n;I is Hurwitz stable (in case t; is continuous, 7; < — maxy R{\;(A;;)}) or
e (A;; + 1) is Schur stable (in case t; is discrete, n; < — In(maxy [\, (Aii)])). Note that
Ai(A) is the kth eigenvalue of A.

Using the new Lyapunov function

Z] (t1,to T1(l1, 12
Vo) = |10 @§<2,t2>]Pl~ y t)] )
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with P = P; @ Py, (4.14), (4.76) and (4.77) we see that

mbr 0 D:&(tl,tg)

divV (t1,t2) <@ (t1,t2) [ Q + N
0 712 P

(M —a1)I 0

<&t tz) l 0 (2 — a1

] Pty ts) (4.79)

where 7; = 2n;(1 — ;) + (e*" —1)||A + I||?L; for i € {1,2}. For any a; > 0 it is possible to
find a 7; < a;/2 in case t; is continuous and 7; < %ln HAaTiIHZ + 1) in case t; is discrete
to ensure that the divergence of f/(tl, t2) is always nonpositive.

Finally the initial conditions &19(t2) and &20(t1) need to be bounded. Using the fact

that x10(t2) and @99(t1) are exponentially decaying we see that
|:i10(1f2)| S Iile(ﬁz_lu)t2 and |Ii:20(t1)| S H2e(771—u1)t1 (480)
are bounded if 1; < py and 72 < po. Thus, for

min {— max R{\c(4A:)}, @i, i} if ¢; continuous,

S
min {f In(maxy [Ax(Ay)]), 3n (HAQTHZ + 1), ui} if ¢; discrete.

(4.81)

Hence, &1(t1,t2) and &2(t1,t2) are bounded for every t1,t2 > 0 using Corollary 4.1 on

page 63. Therefore from (4.74) and (4.75) the two-dimensional system (4.4) with exponen-

tially decaying initial conditions is exponentially stable. (I

Although the Lyapunov type argument above is only sufficient for exponential stability
we will now present a lemma proving that a system with a SSB cannot be exponentially
stable.

Lemma 4.5

If the two-dimensional system (4.4) includes singularities on the stability boundary

(SSB) it cannot be exponentially stable.

Proof The proof follows by contradiction. We will show that there exists no set 71,72 > 0
such that the system with &(¢1,%2) = e”1t1e772t2:c(t1, to) is stable. Note that if ¢; is contin-

uous the T; transform of §;x;(¢;) is

Tildizi(ti)} = L{&(t:)} = 8. X (s;) — z(0). (4.82)
Thus in this case for @(t;) = Ax(t;) we have

X (si) = (si1— A)~(0). (4.83)
For t; discrete the T, transform of §;x;(¢t;) is

00
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Thus in this case for Ax(t;) = Ax(t;) we have
X () = ((z: — NI — A) " 22(0). (4.85)

Hence, we can transform the system description given in (4.76)-(4.77) into

. GRS ) 0 4 o
X (&1,6) = Q 0 (62— 11 A) (4.86)
(AL +&0)I 0 To{x1(0,t2)}
0 (1 =1 + &Io)I| \ T1{@2(t1,0)}
(& =mO-1) —enT) 1 0 0] T
a 0 (&2 —1m2(1—13) — e™I) I 0 emnly

| lu “L &I 0 1 (Tz{:?l(o,tz)}> | (4.87)
0 (1 - I+ &I)I| \T1{@x(11,0))

Inserting (e"l]Il Iemnl I) . (e_mLI @ e m2l2 I) and using the fact that I; can only be either
0 or 1 for ¢ € {1,2}, (4.87) yields

G -I)I 0 A
e

(1- 111 +&61I)I 0 T2{z:1(0,2)}
(1 — I + 62112)1 T1{:ﬁ2(t1, 0)}

(emmbigy — 771(1*111)*111)1 0 —A X
(e (11— T

(1-T, +e mflﬂl) 0 T2A21(0,t2)}
(1 — ]IQ + e_n2€2ﬂ2)1 Tl{i’Q(tla 0)} '

(4.88)

From (4.86) we see that if there exists a set & and & with R{&;} > 0 (for ¢; continuous)
or |&] > 1 (for t; discrete) such that det(((&; — I))I @ (& — Ip)I) — A) = 0 the system
(4.76)-(4.77) is unstable.

Choosing & = s; = n1 + jw; if t; is continuous or & = z; = e™el% if ¢; is discrete it

becomes clear that

(& —IhI 0 i
0 (2 —I)I

jwi (1 —1p) + (7 — 1I)T 0

_ (U@ =T+ ( ) , " —A. (4.89)
0 (jWQ(l — HQ) + (eJ 2 — 1)H2)I

Since the system with matrix A includes at least one singularity on the stability boundary,

there exists a set of w; (if ¢; is continuous) or 0; (if ¢; is discrete) for i € {1,2} such that

the determinant of the right hand side of (4.89) is 0.
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Thus the system given in (4.76)-(4.77) with a singularity outside the stability region
is unstable and the system (4.4) with a singularity on the stability boundary cannot be
exponentially stable. (I

4.5 Asymptotic Stability

In this section we will present our theorem on asymptotic stability of two-dimensional
systems described by the Roesser model using intermediate results presented in the Sec-
tion 4.3.

Even though systems with SSB cannot be exponentially stable as shown above, asymp-
totic stability can be guaranteed if the divergence of the Lyapunov function is negative

semi-definite. However, the initial conditions have to fulfil stricter requirements.

Theorem 4.2 (Asymptotic Stability of Two-Dimensional Roesser Models)

The two-dimensional system (4.4) is asymptotically stable with smooth bounded initial

conditions according to Definition 4.6 if the following conditions hold

(i) Ai1 and A are stable, and

(ii) there exist positive definite, symmetric matrices Py, Py and R such that @ = —ATRA,
where Q is given in (4.14).

Proof Consider the two-dimensional Lyapunov function V' (¢1,t2) given in (4.12) and the
integral of Vi (t1,t2) 4+ Va(t1,t2) along the line Q(1) := (t1,t2) € {[0,1] x {I}}U{{i} x [0,1]}
for [ € R4 or Il € N, respectively, and [ > 0 defined as:

U(l):i= S (Vi(ty,ta) + Va(ty, tz))ds

o)
=0
=

(Vi (t1,1) + Va(ty, 1)) dtr + ‘é’ (Vi(l,t2) + Va(l, ta)) dia. (4.90)

oln~

Using the results in Lemma 4.2 and Corollary 4.3 we see that there exists a C' such that
for all I: U(l) < C. Since the first generalised derivatives of @ (t1,t2) with respect to ¢; and
to are Lo, bounded (Lemma 4.3) we can find dy; (1), di2(1), d21(1) and da2(1) such that

dll(l) = Ssup |51.’1)1(t1, l)|2 y d12(l) = Sup |52.’1)1(l, t2)|2 y (491)
0<t1<I 0<t2<l

d21 (l) = Ssup |51.’1)2(t1, l)|2 y and dQQ(l) = Ssup |52.’1)2(l, t2)|2 . (492)
0<t1<I 0<t2<l

Note that dy1(I) < sup,,>q|d121(t1,1)],- Making use of the version of Barbalat’s Lemma in

Lemma 4.4, we can conclude that the first generalised derivatives tend to zero as t1,ts — 0o
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and are uniformly convergent in both directions. That allows us to interchange the order
of supremum and limit and thus we conclude that

lim dy1(1) < lim sup 6121 (¢1,1)],

=00 =00, >0

=sup lim |[§121(¢1,1)]y
tlzolA)OO

0. (4.93)

It can be shown in a similar way that the limits of dy2(1), d21(1), and dag(l) for I — oo
are 0.

Thus for t1,ts continuous we can bound the derivatives of Vi (t1,t2) and Va(t1,t2) by

Vit <1: ditlvl(tl,l) <2dy1(1)|| Py|| M7, (4.94)
Vo < 1 2o Villota) <2d12(0)]| Py M3 (4.95)
i1 < 1 o Valt, ) <2410 Py M (4.96)
ity <1 d%%(z,m) <24 (1)|| P || M (4.97)

where M7 and M are bounds on |z (t1,t2)] and |x2(t1,t2)| (as introduced in the proof of
Lemma 4.3). Note that in fact the same bounds apply for ¢; or ¢y discrete because for t;
discrete we have for (t1,t2) € Q(I)

51 (m’ll’lel) S m’ll’lel — (.’131 7d11(l>1>TP1(1131 7d11(l)1) S 2d11(l>HP1||M1 (498)

where 1 is a vector of 1s of appropriate length.
To find a lower bound on U(l) we will use a similar trick as in the proof of Lemma 4.4

above: If ¢; is continuous and the maximum of V;(¢1,t2)

()=, max Vit t2) (4.99)
for i € {1,2}) along Q(I) occurs along the part of Q(I) where (t1,%2) € [0,1] x {I} we can
bound the integral of V;(¢1,t2) over Q(l) from below by a triangle with the base equal
to min {V;(1)/(2di (1)|| P;||M;),1} and V() as the height of the triangle. Both possible
triangles are illustrated in Figure 4.1.

In case t; is discrete and V(1) occurs at (t1,t2) € [0,1] x {I} the summation of V;(t1,t2)
along t; for [ > V;(1)/2d;1(1)|| P;||M; can be bounded by
l p— — p—
> Vilta,ta) Vi) + (Vi(l) = 2di ()| Pil|M;) + (Vi(l) — Adin ()| B[ M) + . ..

t1=0

v+ D) — 2 DIRIM Yo (4.100

n=1
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%(tla l)

0 Vi() l t
 2dia (D Pil[M; T

Figure 4.1: Approximating U(l) from below by a triangle

where v = |V;(1)/2di1(1)|| P;||M;|. Resolving the summation on the right hand side of
(4.100) yields

l
3 Vit t) > 1/—1—1(1 —2d (1 ||P|\M2)

t1=0
V(1) /2di (1) P3| M;
1/—|—1 ( i —2d11 ”PHM ()/ 1( )H H )

2
Vai(l)
1)
= +1)—
—2
Vi)
> Vi _ (4.101)
din (1) || P ]| M;
For | < V;(1)/2d;1(1)|| P;|| M; the summation can be bounded by
Vil
Z (t1,t2) > ; ) (4.102)
Thus, U(l) can be bounded from below by
—2 —2 —
| Vo) Vo) Vi)
U(l) > min , ,
0= {4d11(l)||P1|M1 Adyo (1)[| Py My 2
—2 —2 —
. V() V(D) Va(D)l
+ min , , . 4.103
{4d21<z>||P2|M2 DI .
Since V(1) < M2|| P;||, this implies
— 2M?|| P;
Vi < ¢ max{ada @IPL, s, 2P (1.10)
¢ O O @)
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Note that as I tends to infinity each component of the maximum in (4.104) goes to zero
and, hence, limy, ¢+, o0 [i(t1,t2)| = 0. Note that the limits lim, o |2(t1,22)] = 0 and

limy, o0 |@i(t1,t2)] = 0 exist as well. O

4.6 Examples

To illustrate our result on asymptotic stability of two-dimensional systems we will discuss a
simple ‘platooning’ problem. Consider a group or platoon of vehicles driving on a straight
road one after each other. Every vehicle is equipped with a controller and aims to maintain
a specified distance to its predecessor while the first vehicle is following a given reference

signal. Only locally measurable data such as the distance to the predecessor shall be used.

Example 4.1 We will use a simplified, linearised second order model for each vehicle
introduced in (3.64) and the simple PID controller introduced in (3.65) to minimize the
local spacing error. (A more detailed discussion of the system can be found in (Klinge,
2008, p. 7).) It can be shown that using a fixed distance policy will lead to string instability
or the ‘slinky effect’, where disturbances are amplified while traveling through the string,
Klinge (2008).

One known possibility, Chien and Ioannou (1992), to avoid that problem is to introduce
a time headway h and maintain a velocity depending distance between each vehicle and

its predecessor rather than a fixed distance. Hence, the new local error is
é(t, k) =a(t,k—1)— &(t, k) — ho(t, k). (4.105)

Note that ¢; = ¢ is continuous and t5 = k is discrete. In order to maintain the same closed
loop poles of the kth vehicle an additional pole at —% is added to each local controller. A
block diagram of the system can be found in Figure 3.2 on page 33. Thus the system can

be described as a two-dimensional Roesser model as dx(t, k) = Ax(t, k) with

0 1 0 0 0
0 —2Cquo 1 0 0
A= 7% (kPJr%) 7(kp+%) 7% % 7}1&’1}5 %(kPJr%) (4.106)
—k —hk; 0 0 0 ki
-1 —h 0 0 —% 1
I 1 0 0 0 0 ~1 |

where @1 (t, k) is the state vector of the kth vehicle including its position Z(t, k), velocity
0(t, k), and three controller states @, ,(t, k) for i € {1,2,3} and x2(t, k) is the position of
the predecessor to vehicle k at time ¢, Z(t,k — 1).

It can be shown that choosing a time headway h > 1.18 the system is string stable,
Klinge and Middleton (2009b), see also Section 3.4 and Figure 3.3 on page 38. For h = 2
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the eigenvalues of the upper left part of A are —25.1, —4.5, —0.5, —0.25 and —0.18. Thus
Aq1 is Hurwitz stable. A9y +1 = 0 is Schur stable.

Note that as discussed in Section 3.4, the transfer function of the corresponding input-
output system has a NSSK at s =0 and z =1, or w = 0 and 6 = 0. Thus, (jwI® (e’ —
1)) — A = —A has one eigenvalue at 0 for w = 0 and = 0. Therefore, there exists no
P = P; & P; such that @ is sign definite.

Matlab finds two symmetric, positive definite matrices:

1.72-103 0 0 5.05 - 103 0
0 2.65-10% 2.09-10% —1.69-10* —1.27-10°
P = 0 2.09-10®  5.92-10° -2.16-10* -3.65-10° (4.107)
5.05-10° —1.69-10* —2.16-10* 1.77-10° 1.32-106
0 —1.27-20° —3.65-10° 1.32-10°  2.25-107

with eigenvalues at 2.26 - 107, 10°, 1.78 - 103, 711
eigenvalues of Q are —4.5-106, —1.78-10%, —4.48 -

positive definite matrix

and 7.84 and P, = 859 such that the
103, —587, —106 and 0. There exists a

[3.01-103 —7.08-10% —1.15-10* 6.98-10*  7.08-10° 0|
—7.08-10% 2.96-10*  4.95-10* —2.95-10° 3.04-10° 0
R —1.15-10* 4.95-10*  8.64-10* —4.93-10° —5.31-105 0
6.98-10* —2.95-10° —4.93-10° 2.96-10° 3.02-107 0
7.08-105 —3.04-10° —5.31-10° 3.02-10"7  3.26-10% 0O
0 0 0 0 0 1]
(4.108)
such that @ = —ATRA. Thus, the system with L} and L”, smooth bounded initial

conditions is asymptotically stable in the two-dimensional sense and hence string stable.
Simulation results are displayed in Figure 4.2 and Figure 4.3. In Figure 4.2 we see

that the local error signal é(t, k) tends to zero for t — co. Hence, every single subsystem

is asymptotically stable. Also the maximum of é(¢, k) over time and the Lo norm with

respect to time decreases when k grows. See Figure 4.3 for details. *

After demonstrating an affirming example, where asymptotic stability can be shown
using Theorem 4.2, we will choose two examples, where one condition for asymptotic
stability in Theorem 4.2 is violated each time and the system is not asymptotically stable.
In this way we show that there is no trivial relaxation of the conditions for Theorem 4.2

that produces the same result.

Example 4.2 Consider the same system structure as presented in Example 4.1. How-
ever, choosing a time headway of h = 0.5 that is clearly less than the infimal time headway

required, will lead to a string unstable system.



80

CHAPTER 4. INTERNAL STABILITY OF LINEAR 2D SYSTEMS

Error é(t, k)

7
£
£
£
£
=
=

50

Position k 0 0 Time ¢

Figure 4.2: String stable system with h = 2: error é(t, k)
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Even though A;; and Ass + I are Hurwitz and Schur stable, respectively, it is not
possible to find a symmetric, positive definite matrix P such that @ < 0. Suppose that
there exist P, P, > 0 such that P = P; & P,. Since P, and x5 are scalars, we can set
P, =1 without loss of generality. It yields

Rk

Q=ATP+PA+ AT

AL P -1
Using the Schur compliment we see that @ < 0 is equivalent to
AL P+ PA + AJ Ay + PLA, AP <0. (4.110)
Using the Bounded Real Lemma this yields
HA21 (jwI — App) ™" A12HOO <L (4.111)

Note that T'(jw) = Az (jwI — All)_l Ay is the transfer function from the position of
the kth vehicle to the position of the k 4+ 1th vehicle. However, when choosing a time
headway that is less than the infimal headway ho = 1.18 we know that ||I'(jw)| . > 1.
Therefore, generally, any string unstable system of this type (||T'(jw)||,, > 1), does not
permit a solution with @ < 0.

In the simulation (displayed in Figure 4.4) we observe that the system is not stable
in the two-dimensional sense and thus not string stable because a small perturbation at
the beginning of the string is amplified while traveling through the string. The local error
é(t, k) goes to zero for every fixed k as t — co. However, the maximal error over time for
each subsystem grows with &k and the double limit limy ;o0 é(¢, k) does not exist. Also

the Lo norm of é(t, k) with respect to time grows as k grows, Figure 4.5. *

Also when relaxing the first condition for asymptotic stability in Theorem 4.2 and

allowing A1; or Ags not to be stable the system might not be asymptotically stable.

Example 4.3 Consider the system described in (4.106) with the general error é,(t, k)
(that is the general error of the predecessor plus the local error) as an additional state in

x2(t, k) (and h = 2) such that the system matrix A is given by

[ 0 1 0 0 0 0 0]
0 —2C4v0 1 0 0 0 0
k k k k
_% (kp"'Td) _(kp+Td) _% % _th2 %(k/’p"'?d) 0
A= —k —hk; 0 0 0 ks 0 (4.112)
~1 —h 0o 0 -—% 0
1 0 0 0 -1 0
i -1 0 0 0 1 0 |
O
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Figure 4.4: String unstable system with h = 0.5: error é(t, k)
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Figure 4.6: String unstable system: general error é4(t, k)

While Ai; is still Hurwitz stable, Ao + I has one eigenvalue at 1. Thus it is not Schur
stable. The second condition is not violated as Matlab can find strictly positive matrices Py
with eigenvalues at 130, 7.72-102, 2.56-10%, 7.71-10° and 1.58-10% and P, with eigenvalues
at 6.66-10% and 1.08-10° such that Q has eigenvalues at —1.75-107, —1.22-10°,—4.42-10%,
—3.31-10%, —1.25- 102 and two at 0. Also A has two eigenvalues at 0 and there exists a
positive definite matrix R such that —ATRA = Q.

So, even though @ is negative semidefinite and there exists a suitable R the system
is not asymptotically stable, as the simulation in Figure 4.6 and Figure 4.7 demonstrate.
However, since the marginally stable mode of Ay +1 is not controllable by As; the system

is still stable as we have shown in Corollary 4.2. *

In our last linear example for stability of two-dimensional systems we consider again

the linear, unidirectional string with communication range 2 studied in Section 3.5.

Example 4.4 Consider a string of vehicles with the same plant and controller transfer

function as used in Example 4.1 and with communication range 2 with

et k) = (1—a) (&t k — 1) — &(t, k) + a (@t k — 2) — &(t, k — 1)) — hi(t, k).
(4.113)



84 CHAPTER 4. INTERNAL STABILITY OF LINEAR 2D SYSTEMS

102
‘? I
= ++++++
= ++++++++*+*++++
S ++
R Lt
' +
8 +
= +
R (I R 1
5 +
Z
5 +
£
ea)
@
g
[}
=]
Q
0]
10[) Il Il Il
0 10 20 30 40

Position k

Figure 4.7: String unstable system: Ly norm of general error ég(t, k)

Thus, the corresponding continuous-discrete two-dimensional system description is ¢ = Ax
with

0 1 0 0 0 0 0
0 2Cwe 1 0 0 0 0
S A T Bl M el
A=| —(1—-a)ki —hk 0 0 0 (1 -2a)k; «ak; (4.114)
-1+ —h 0o 0 -1 (1-2a) «
1 0 0 0 -1 0
0 0 0 0 1 —1 |

where ¢ = kp + %d A, is Hurwitz stable and Aoy + I is Schur stable. From (3.87) in
Section 3.5.3 we know that the minimal time headway hg o is equal to (1 — a)ho. Thus,
considering that hy = 1.18 the string is stable for « = 0.3 and h = 1.

Matlab finds two symmetric, positive matrices

1.39 - 10* 0 0 8.198 - 10* 0
0 5.36-10*  4.28-10* —5.13-10° —5.24-10°
P, = 0 4.28-10*  4.61-10* —4.19-105 —5.67-106 (4.115)

8.198-10* —5.13-10° —4.19-10° 6.18-10° 5.12-107
0 —5.24-105 —5.67-105 5.12-107 6.98 - 108
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with eigenvalues at 54.3, 4571, 14031, 2.42 - 10°% and 7.02 - 108, and

8483 1258
) = [ ] (4.116)

1258 2917

with eigenvalues at 2646 and 8754 such that the eigenvalues of Q are —4.98-107, —6.05-10°,
—27427, —2998, —955, —310 and 0. Hence, the system is asymptotically stable. For

simulations see Figure 3.10 on page 48.

4.7 Conclusion

Sufficient conditions for stability, exponential stability and asymptotic stability of linear
two-dimensional systems have been derived in this chapter. They are given in linear ma-
trix inequalities. The conditions for stability and asymptotic stability require — in stark
contrast to the results presented in the literature — only semi-definite solutions. Thus, they
are suitable to analyse linear two-dimensional systems with singularities of the stability
boundary in general and string stability of vehicle platoons in particular.

The smoothness constraints on the initial conditions to guarantee asymptotic stability
are rather restrictive. However, it was shown in Fornasini and Marchesini (1978) that
for merely bounded initial conditions the system is asymptotically stable if and only if
the system is devoid of singularities in the closed stability region. Thus, some additional
constraints on the initial conditions have to be expected.

Exponential stability, however, can only be shown if there exists a strictly negative
definite solution of the LMI and the system, therefore, is devoid of singularities on the
stability boundary.

As all results presented in this chapter are only suitable to study the stability of linear
two-dimensional systems it will be the aim of the following chapter to extend some results

to nonlinear two-dimensional systems.






CHAPTER 5

Internal Stability of Nonlinear 2D Systems

Stability, asymptotic stability and exponential stability of general nonlinear two-
dimensional systems will be studied. The sufficient conditions for stability pro-
posed require nonpositive divergence of the two-dimensional Lyapunov function.
If in addition some other regularity conditions are satisfied, asymptotic stabil-
ity can be guaranteed. FExponential stability is proven if the system admits a
Lyapunov function with strictly negative divergence.
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5.1 Introduction

After studying bounded-input bounded-output stability of linear two-dimensional systems
in the frequency domain in Chapter 3 and stability, asymptotic stability and exponential
stability of linear two-dimensional systems in the time domain in Chapter 4 we seek to
extend some of these results to more general nonlinear two-dimensional systems.

First, the notation and some mathematical preliminaries are discussed in Section 5.2
and Section 5.3. This includes a proof of stability for general nonlinear two-dimensional sys-
tems in Corollary 5.1 based on the assumption that there exists a suitable two-dimensional
Lyapunov function with a negative semi-definite divergence.

The stability proof will then be used to show exponential stability of a class of nonlinear
two-dimensional systems in Theorem 5.1 if the divergence of the Lyapunov function is
strictly negative definite.

In Section 5.5 it will be shown, that — similar to the results in Section 4.5 — asymp-

totic stability of general nonlinear two-dimensional systems can also be guaranteed if the
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divergence is negative semi-definite, rather than negative definite. In addition to the
smoothness of the initial conditions it will also be required that the state space equations
and the Lyapunov function fulfil certain smoothness criteria.

Throughout the chapter the notion of input-to-state stability (ISS) and integral input-
to-state stability (iISS) and related results will be used. Continuing with the notation
used in Chapter 4, the results will be given using the generalised form for continuous and
discrete systems.

Two examples will be discussed in Section 5.6 to illustrate the results. In Example 5.2
the string stability of a nonlinear homogeneous string with variable time headway will be

discussed.

5.2 Notation

Similar to the previous chapter the results of this chapter will be given in a general notation
describing continuous and discrete systems at the same time. The notation of T, §;, S -d¢;,
I;, and E(A)t given in (4.1), (4.2), (4.3), (4.7), and (4.8), respectively, remain in place.

Combining the general nonlinear continuous one-dimensional system
&(t) = f(a(t), u(t)) (5.1)
and the general nonlinear discrete one-dimensional system
Az(t)=x(t+1) —x(t) = f(x(t),u(t)), (5.2)

consider the autonomous general nonlinear two-dimensional system of the form

Fi(zi(t1,t2), z2(t1,t2)), (5.3)
Fa(z1(t1,t2), z2(t1,t2)). (5.4)

011 (t1,t2)
doxa(ti, t2)

Note that in contrast to the one-dimensional systems in (5.1) and (5.2), the general non-
linear two-dimensional model (5.3)-(5.4) is autonomous. Instead of an input signal w each
state derivative depends on the states ;1 and xo. This system, however, is not equivalent
to the cascade system with feedback given for example in Sontag (2008) since both states
here evolve in two different independent variables instead of one common variable.

Note that requiring the existence of a two-dimensional Lyapunov function V as in
Definition 5.1 (later used for the proof of stability of nonlinear two-dimensional systems
in Corollary 5.1) implicitly requires that the origin is an equilibrium of the system, i.e.
fi(0,0) = 0 for i € {1,2}. However, for two-dimensional systems describing a vehicle
platoon the origin is part of an invariant set (Z1(7),Z2(v)) where v € D C R. As this
implies that for each choice of two-dimensional Lyapunov function div V (Z1(7), Z2(y)) =0
for all v € D, it is not possible to show global (asymptotic) stability of the origin. A

two-dimensional version of Krasovskii-LaSalle principle would be needed to show that the
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invariant set is globally attractive - but this is out of the scope of this thesis. Here, we
will focus on local (asymptotic) stability. Restricting the initial or boundary conditions to
the set of Ly and Lo, bounded initial conditions (defined in Definition 5.4) local stability
of the origin can be shown. Assuming further that the initial conditions are also L; and
L smooth bounded (as in Definition 5.5) local asymptotic stability of the origin can be
shown.

To facilitate the proof of asymptotic stability later in this chapter two additional
constraints on the nonlinear system (5.3)-(5.4) are needed: First, the nonlinear two-
dimensional system in (5.3)-(5.4) is called C™ smooth if the first m derivatives of f; are
bounded. That is for every x > 0 there exists a K (k) > 0 such that for all |x1,|, |x2s| < K

the derivatives

F1..12.. .9t = <Kk Vi,ty>0

—_—— ——

mq times mo times

QAT (X1, x)
Ox " Oxy"?

T1=T1s,L2=L2s

(5.5)

where i € {1,2}, 0 < m1,m2 < m and my + ma < m. Note that the case m; = mg =0 is
included as well. Thus, |F;| = |fi(@1s, T2s)| < k also for |@1s], |z2s| < K.

Furthermore, we require that the nonlinear system (5.3)-(5.4) has exponentially stable
Jacobian matrices, i.e. the solution of the time varying differential / difference equation
dix(ty,ta) = Fyi(t1,t2)x(t1,t2) is exponentially decaying for bounded initial conditions.

Different sufficient conditions exist to guarantee that a time varying system is (exponen-
tially) stable: If ¢; is continuous the system d;x (1, t2) = Fj;(t1,t2)x(t1, t2) is exponentially
stable, if there exist A; > 0 such that

Ei(t17t2) + .F;r{(tl,tQ) < -\NI th,tQ > 0. (56)

If ¢; is discrete the system 6;x(t1,t2) = Fi;(t1,t2)x(t1,t2) is exponentially stable, if there
exist A; € (0,1] such that

Ei(ﬁl,tg)ﬂ?(tl,ﬁg) -1 < —)\iI th,ﬁg > 0. (57)

(Note that this is equivalent to requiring the existence of a X\; with 0 < \; < 1 such that
F,i(t1,t2)FY (t,t2) < ;1. We will adhere the notation introduced in (5.7) enabling us to
still use the notion of E(—X;)%")

These sufficient conditions (5.6)-(5.7) are equivalent to the existence of the Lyapunov

function V = xT

x. This is a very strong condition and sometimes cannot be satisfied
even though the system is exponentially stable. Different sufficient conditions can be
found in Rosenbrock (1963); Desoer (1969, 1970); Iichmann et al. (1987); Zhang (1993);
Hill and Ilchmann (2011). If the matrix Fj;(¢1,t2) satisfies any of these sufficient stability

conditions, it will be denoted as “exponentially stable”.
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Throughout this chapter the notion of “positive definite”, K, K, and KL functions
will be used: A function f: R>¢ — R>o is positive definite if it is continuous and satisfies
f(0) =0 and f(z) > 0 for all z > 0. A function « is of class K (a € K) if it is positive
definite and strictly increasing. A function « is of class Koo (@ € Koo) if it is of class K
and in addition a(x) — +00 as ¢ — +00. A function 8 : R>g x R>9 — Rxg is of class L
(B € KL) if B(-,t) is of class Ko for all ¢ > 0 and satisfies 5(r,t) — 0 as t — oo for each
r>0.

Combining (and slightly altering) the definitions for iISS-Lyapunov functions for con-
tinuous systems given in (Angeli et al., 2000, Definition I1.2) and discrete systems given in

Angeli (1999), consider this notion of “two-dimensional Lyapunov function”:

Definition 5.1 (Two-Dimensional Lyapunov Function)

A two-dimensional function VT = (Vl (x1) Vg(xg)) is called a two-dimensional Lya-
punov function for system (5.3)-(5.4) if Vi(x;) is an iISS-Lyapunov function for subsystem
dixi(t1,t2) = fi(w1(t1, ta), @2(t1,t2)), that is there exist functions @;,a; € Koo, positive
definite functions «; and constants 0 < b; < oo such that for i,k € {1,2}, 1 # k

;i (|s]) <Vi(wi) < ai(|zil), (5.8)
0iVi(zi) < — i (Vi(xi)) + biVi (1) (5.9)

and in addition

divV =61Vi(x1) + 02 Va(xa) <0 for all t1,t2 > 0. (5.10)

Note that according to the definitions of iISS-Lyapunov functions in Angeli et al. (2000)
and Angeli (1999) V;(x;) needs to be continuously differentiable if ¢; is continuous and
merely continuous if ¢; is discrete.

The definitions for iISS-Lyapunov functions from Angeli et al. (2000) and Angeli (1999)
have been altered in the way that the last term in (5.9) explicitly contains V(@) instead
of a general class Ko, function v (xy).

In order to prove asymptotic stability later in this chapter, the definition above needs

to be strengthened:

Definition 5.2 (Regular Two-Dimensional Lyapunov Function)

A two-dimensional function V' of two smooth functions Vi(x1) and Va(xz) is called a
reqular two-dimensional Lyapunov function for system (5.8)-(5.4) if there exist functions
T, q; € Koo and constants 0 < a;,b; < 0o (and in addition a; < 1 if t; is discrete) such

that for i,k € {1,2}, i £k

a;(|zi]) <Vilx:) < @(lei), (5.11)
51‘/1(1131) < - alVl(IBZ) + bin(:Bk) (5.12)
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and

divV :51‘/1((131) + 52‘/2(:132) <0 forallty,ts > 0. (513)

Note that the main difference between these two definitions for two-dimensional Lya-
punov functions is that in Definition 5.2 the first term on the right hand side of (5.12) is
a; - Vi(x;) instead of the more general form «;(V;(x;)) in Definition 5.1.

This definition can be strengthened further by requiring that the divergence of the
Lyapunov function is strictly negative and can be bounded by the Lyapunov function

components. This will enable the proof of exponential stability.

Definition 5.3 (Strict Two-Dimensional Lyapunov Function)

A two-dimensional function V' of two smooth functions Vi(x1) and Va(x2) is called
a strict two-dimensional Lyapunov function for system (5.3)-(5.4) if there exist functions
@i, a,; € Koo and constants 0 < a;, by, a; < 0o (and in addition a;,o; < 1 if t; is discrete)
such that for ik € {1,2}, i #k

a;(|mi]) <Vi(wi) < @i(|:)), (5.14)
6:Vi(zi) < — a;Vi(x:) + biVi(zk) (5.15)

and
divV < — a1 Vi(x1) — asVa(ae) <0 for all t1,t2 > 0. (5.16)

Similar to Definition 4.2 and Definition 4.3 in Chapter 4 we will use the following

definitions for initial conditions:

Definition 5.4 (Ly and L., Bounded Initial Conditions)

Given positive definite functions V;, the initial conditions of the nonlinear two-dimen-
sional system (5.8)-(5.4) are Ly and Lo bounded, if there exist ¢;,(; < oo such that for
ie{1,2}

o)l = S Vi (@io(t) dt < ci,  and (5.17)

[Zi0()loo = sup|zio(t)] < G- (5.18)
>0

Definition 5.5 (L;, and L7, Smooth Bounded Initial Conditions)
Given positive definite functions V; and an integer 1 < p < oo, the initial conditions of

the nonlinear two-dimensional system (5.3)-(5.4) are Smooth Bounded Initial Conditions
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if they are Ly and Lo bounded according to Definition 5.4 and in addition there exist
e, ¢l ¢ < oo such that fori € {1,2}

5(13i0 NP = OSO 5(13i0 t pdt S C/-, 5.19

p 0 7
[620()llce = sup [zo(t) < ¢/ and (5.20)
16%30(-)|oo = sup |6%2i0(1)] < ¢ (5.21)

The proof of exponential stability in Section 5.4 requires the definition of exponentially

decaying initial conditions, similar to Definition 4.4.

Definition 5.6 (Exponentially Decaying Initial Conditions)

Given positive definite functions V;, the initial conditions of the nonlinear two-dimen-
sional system (5.3)-(5.4) are exponentially decaying, if there exist p; > 0 and k; < 0o such
that for ik € {1,2}, i # k

Vi(eio(tr)) < ke ek, (5.22)

Similar to Definition 4.5, Definition 4.6 and Definition 4.7 we define stability, asymptotic

stability and exponential stability of nonlinear two-dimensional systems:

Definition 5.7 (Stability of Nonlinear Two-Dimensional Systems)

The autonomous nonlinear two-dimensional system (5.3)-(5.4) is stable if for each
M > 0 there exists a set of ¢;(M),(;(M) > 0 such that if the initial conditions are Ly and
Lo bounded with bounds ¢;(M) and (;(M) for i € {1,2}, respectively, then

|$13(t1,t2)| <M fO’I’ all t1,to > 0. (523)

Definition 5.8 (Asymptotic Stability of Smooth Nonlinear Two-Dimensional Systems with
Smooth Bounded Initial Conditions)

The autonomous nonlinear two-dimensional system (5.3)-(5.4) is asymptotically sta-
ble, if for any L;, and L7, Smooth Bounded Initial Conditions (according to Definition 5.5)
it is stable, and the following limit holds

t1+ta—00
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Definition 5.9 (Exponential Stability of Nonlinear Two-Dimensional Systems)

The autonomous nonlinear two-dimensional system (5.3)-(5.4) is exponentially stable,
if for any exponentially decaying initial conditions there exist n1,n2 > 0, and M; < oo such
that for i € {1,2} the following condition holds:

| (ty,ta)| < Mye~Mtre "2tz (5.25)

5.3 Mathematical Preliminaries

The following lemma will be needed for the proof of stability of two-dimensional systems.
The continuous version was proposed in (Angeli et al., 2000, Corollary IV.3) and the proof
of the discrete version can be found in (Angeli, 1999, Proof of Theorem 2, p. 301).

Lemma 5.1

Given any continuous positive definite function o : R>9 — R, there exists a KL-
function B with the following property. For any 0 <t < oo, and for any (locally) absolutely
continuous function V : [0,) — Rso and any measurable, locally essentially bounded
function 7 : [0,t) — Rxo, if

SV () < —a(V(E) +~(¢) (5.26)

holds for almost all t € [0,t), then the following estimate holds:

V(t) < B(V(0),t) +«§27(s)ds (5.27)

for all t € ]0,t)

Lemma 5.1 enables the proof of stability of general nonlinear two-dimensional systems

below.

Corollary 5.1 (Stability of Nonlinear Two-Dimensional Systems)

The nonlinear two-dimensional system (5.3)-(5.4) is stable if there exists a two-dimen-

stonal Lyapunov function according to Definition 5.1.

Proof Since the divergence of V' is nonpositive for all ¢1,t5 > 0 we get again the results
from (4.28)-(4.29) (in Lemma 4.2 on page 63)

T> T> T
cg i (Tl,tg)dtg < cg i (O,tQ)dtQ + cOSVQ(tl, O)dtl, (528)
T T> T
(OS‘ ‘/g(tl, Tg)dtl < (OS‘ i (O,tg)dtg + ‘g%(t17 O)dﬁl. (529)
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Together with the fact that the initial conditions are Ly bounded we get

Ts Ty
tg‘/l(Tla tg)dtg <e¢1 4+ and cg ‘/g(tl, Tg)dtl <c1 4+ co. (530)

Applying Lemma 5.1 we can guarantee that there exists a function £y € KL such that

Vila(tr.12)) < B (Violts). 1) + & 201 V(a(r, ). (5.31)
Using the fact that the initial conditions are in L, and (5.30), equation (5.31) yields

Vi(zi(t1,t2)) < B1(Crytr) + 2b1(c1 + c2). (5.32)
Since there exists a class Koo function oy (Jz1]) < Vi(x) we find that

|21 (t1, t2)| < My = a7 (B1(1,0) + 2bi(c1 + ¢2)) < 00 (5.33)

for all t1,t2. Note that the bound M; depends on the norm of the initial conditions, i.e.
(1,¢1,c2. Thus, the maximal value of |x1]| for all ¢, 2 is determined by the norm of the
initial conditions. Furthermore, if (1, ¢; and co tend to zero, then M; also tends to zero.
A similar bound Ms < oo for the norm of xs can also be found and thus the system is
stable according to Definition 5.7. 0

Similar to Corollary 4.3 we will further show that if a suitable regular two-dimensional

Lyapunov function exists, the generalised integral Sg° V;(x;(t1,t2))dt; is bounded for i €

{1,2}.
Corollary 5.2

Consider the nonlinear two-dimensional system in (5.3)-(5.4). If there exists a regular

two-dimensional Lyapunov function V according to Definition 5.2 and the initial condi-
tions are Ly and Lo bounded according to Definition 5.4, then there exist My, Moy < 0o
independently of to and t1, respectively, such that

OSOO V1 (a:l(tl, tg))dtl S Ml, and Ogoso ‘/2($2 (tl, t2))dt2 S MQ. (534)

Proof From the definition of the regular two-dimensional Lyapunov function we derive
Vi(xyi(t1,t2)) < E(—a1)" Vi(21(0,t2))+by %E(—al)TVQ(mg(tl —I; —7,t3))dr (5.35)
and thus
S Vil (t1,12)) At <Va(@1(0,12)) S B(—ar)"dty

oot
+b1 gg(OSl'E(—al)TVg(wg(tl —I; — 7, tg))detl. (536)
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Since the initial conditions are L, bounded and a; > 0 (and in addition a; < 1 if ¢; is
discrete), the first term of the right hand side of (5.36) can be bounded by
Vi(G)

Vi (ml(O,tg))o‘goE(fal)tldtl < LR (5.37)
1

Using the fact that the convolution is commutative and interchanging the order of integra-
tion at the second term of the right hand side of (5.36) yields
oo t1
b1 (gcgE(—al, )TVYQ(IBQ(tl — ]Il -7, tg))detl

<b S S E(—a)" T Va(@a(r, t))dtrdr
0 7+I;

Sblfgo‘/g(wg(ﬂ tg))- ( TSO E(—al)tl_ﬂl_Tdh) dr
0 7+14

< V(o (t1,ta))dts. (5.38)

s
oW

Since the divergence is nonpositive we can use the results in (5.28)-(5.29), and equation
(5.38) yields

OOt1
b1 gOchE(—al)T‘/'g(wg(tl — Hl -7, tg))detl
b [e5s) %)
Sa—i <<§ ‘/1(.’131(0, tg))dtQ + cOS VQ(.’BQ(tl, 0))dt1) (539)

As the initial conditions are in Ly, the bound M is (independently of ¢5)

— V; b
M1 = —1(Cl) + —1(01 + Cg). (540)
al al
The existence of M5 can be shown in the same way. O

Similar to Lemma 4.3 we will show that the first derivatives of the states x; and x-
with respect to t; and t5 are bounded if the state space equations, the initial conditions

and the Lyapunov function fulfils certain smoothness criteria.

Lemma 5.2

Consider the C? smooth nonlinear two-dimensional system (5.5)-(5.4) with exponen-
tially stable Jacobian matrices Fy; for i € {1,2}. If there exists a regular two-dimensional
Lyapunov function according to Definition 5.2 and in addition there exist scalars 1 < p < oo
and 0 < aj,ay < 0o such that the initial conditions are L, and L7, smooth bounded ac-

cording to Definition 5.5 and
div V(tl, tg) S 7(1/1 |51$131(t1, t2)|§ — a’2 |52.’1)2(t1, t2)|§ (541)

for all t1,t2 > 0, then
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(a) the first generalised derivatives of x1(t1,t2) and xa2(t1,t2) are in Lo [0,00) X [0, 00)

and L, [0,00) x [0,00), i.e. there exist My, M, < 0o such that for i,k € {1,2},

sup |0k (t1, t2)| < Mik, (5.42)
(t1,t2)€T1 x T2

Oggooggo |5kmi(t1; t2>|pdt1dt2 S Mik and (543)

(b) the second generalised derivatives of x1(t1,t2) and xa(t1,t2) are in Lo [0,00) X [0, 00),
i.e. there exist Mk < 0o such that for i, k,l € {1,2}

sup  [0kdixi(t1,t2)| < Mi. (5.44)
(t1,t2)€T1 X T2

Proof (a): The system is stable by Corollary 5.1 and therefore the states are bounded

(there exist M; < oo such that |x;(t1,t2)| < M; for all ¢y, to for i € {1,2}). The bounds
Mj; and Moo are equal to the bounds on f; and fs for all |x1| < M; and |za| < Mo.

Combining assumption (5.41) and the fundamental theorem of calculus yields

ay [[oraa ()l +as 16222 (-, Il

://all |(51£B1(t1, tg)lz + a’2 |52$2(ﬁ1,ﬁ2)|gdt1dt2

0 0
S—//diVV(tl,tQ)dtldtg
0 0

:/‘/1 (.’Bl(o,tg)) dtQ — Thinoo/vl (.’Bl(Tl,tQ)) dtQ
0 0
+/V2 (x2(t1,0))dt; — Tliinoo Vo (x2(t1,T2)) dtq
0 0
S/Vl($10(t2))dt2Jr/Vz(ﬂfzo(h))dtl
0 0
<cy1 + co. (545)

Thus, &;;i(t1,ts) is also in L, [0,00) x [0,00) and M; exists for i € {1,2}.
To show that the first mixed derivatives §1x2 and dox; are also in L, and L, note
that 51:B1(t1,t2) = fl(ml, (1]‘2) yields

d20121 (t1,t2) =2 f1(x1, 22)

0 0
01 (621 (t1,12)) :a—af:62$1(t1at2) + a—;:l
1 2

=Fy1(t1,t2)00@1(t1,t2) + Fia(t1, t2) fo(x1, T2). (5.46)

doxo(t1,ta)
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Since Fyi(t1,t2) is exponentially stable and Fia(t1,t2) and fo(a1,x2) are bounded, the
system (5.46) is exponentially stable. Thus, since fo(x1,®2) is in Ly, dax1(t1,t2) treated
as a function of ¢; is both in L, and L.

(b): To show that M;;; and M, exist for i,k € {1,2}, i # k observe that

§ixi(ty, ta) =Fy(w1,@2) fi(x1(t1, t2), Ta(t1, t2)) + Fip(@1, @2)8iwn(ty, t2),  (5.47)
0:i0kxi(t1,to) =Fy (@1, 2)diwi(t1,t2) + Fig(x1, 22) fre (1 (11, t2), z2(t1,t2)).  (5.48)

Since Fy;, f; and &;x, are bounded for all t1,t2 > 0 and i,k € {1,2}, 62x; and §;0,x; are
in Lo [0,00) x [0,00) for i,k € {1,2}.
To show that 6,%:31- is in Lo for i,k € {1,2},i # k consider the same trick as above

using the fact that

030121 (t1,t2) =63 f1(x1, x2)
61 (631 (t1,t2)) =62 (Fu1(t1,ta)dam(tr, t2) + Fia(ty, t2)doxa(t1, t2))
=F11(t1, t2)0321 (t1, to) + Fiui (tr, t2) (do1 (t1,12))°
+Fio(ty, ta)05@s (L, t2) + 2F119(t1, t2)0ax1 (t1, to)daxa(ty, to)
+Fi25(t1,t2) (Sama(ty, 12))?. (5.49)

Since the system is C? smooth and the derivatives d;xy and §;x; for i,k € {1,2}, i # k are
bounded, all but the first term on the right hand side of (5.49) are bounded. As Fi;(t1,t2)

is exponentially stable, 63x1 (t1,t2) is in Lso. O

Similar to the results in Chapter 4, the findings in Corollary 5.2 and Lemma 5.2 (to-
gether with Lemma 4.4) will be used in Section 5.5 to prove asymptotic stability. The

proof of exponential stability below only requires the results of Corollary 5.1.

5.4 Exponential Stability

Assuming the divergence of the Lyapunov function is strictly negative, exponential stability

can be shown. The initial conditions also need to be exponentially decaying.

Theorem 5.1 (Exponential Stability of Nonlinear Two-Dimensional Systems)

The nonlinear two-dimensional system (5.3)-(5.4) is exponentially stable, if there exist
a strict two-dimensional Lyapunov function of the form Definition 5.3 and p; € (0,00) for
i € {1,2} such that a;(|x;|) > |x:|P*.

Proof First, consider the Lyapunov function candidate

V = Vi(z1) B em(ti=Th)gnatz1/) (5.50)
S\ Va(mz) ) \emtremtz-T2y, |
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with positive constants 77 and 7. Note that
6 Vi =emtie™t25,V; 4+ 7,V (5.51)

where 7; = 1;(1 —1I;) 4+ (" — 1) I,. Applying condition (5.15) of the definition for a strict
two-dimensional Lyapunov function yields
61.171, < — e771tle772t2ai‘/; + enltlen2t2bin + ﬁzf/z
<((ni—a) (1 =T)+e" (1 —e ™™ —a;) I,) Vi + be™ V. (5.52)
Choosing 7; < a; in case t; is continuous and 7; < —In(1 — a;) in case ¢; is discrete guar-
antees that V; satisfies condition (5.9). (Note that In is the natural logarithm.) Consider

now the divergence and condition (5.16)

divV =emt1e™2 divV + i Vi + 2 Va
<eMhem’2 (—aq Vi — aaVi) + i Vi + Vo
= (i — ™M ay) Vi + (7 — €™ az) V. (5.53)
If n; < a; in case t; is continuous and 7; < —In(1 — «;) in case t; is discrete, V satisfies

(5.10). For i,k € {1,2} and @ # k note that the initial conditions of V' are exponentially
decaying and thus f/i(:cio) is bounded by

Vi(@io(ts)) = e™ TV (i (tr)) < eIk g emhntn, (5.54)

So choosing n; < u; also guarantees that the initial conditions of V are in Lo and Ly.

Hence, choosing

min{a;, «@;, i} if ¢; continuous,
i < (5.55)
min {—In(1 —a;), —In(l—oay), w} ift; discrete,
for i € {1,2} allows us to follow the same argumentation as in the proof of Corollary 5.1

up to the equivalent of (5.32) guaranteeing that there exists a C' < oo such that

V; <C. (5.56)
Since |x;|Pi < o, (|x;i]) < Vi(z;) we can conclude that
|m1| Sef;%(tl*]h)e*%tzcl/pl (557)
|2o| <o Pztrevs (22 ol/p2 (5.58)
([l

Note that the rate with which |;| decays depends on the Lyapunov function V;, a;, p1
and po.
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5.5 Asymptotic Stability

In this section asymptotic stability is shown for general nonlinear two-dimensional systems.
In contrast to the conditions known in the literature, the sufficient conditions proposed
here can be applied to systems that only allow a Lyapunov function with a nonpositive
divergence — rather than a strictly negative divergence. In contrast to the theorem on
exponential stability in the previous section, additional smoothness assumptions on the

initial conditions and the state space system have to be made.

Theorem 5.2 (Asymptotic Stability of Nonlinear Two-Dimensional Systems)

Consider the C? smooth nonlinear two-dimensional system (5.3)-(5.4) with exponen-
tially stable Jacobian matrices F11 and Fas. If there exists a regular two-dimensional Lya-
punov function according to Definition 5.2 and in addition there exist scalars 1 < p < o0
and 0 < af,ay < oo such that the initial conditions are L, and L7, smooth bounded

according to Definition 5.5, and
div V(tl, tg) S —a’l |51$1(t1, tg)lp — a’2 |(52£B2(t1, t2)|p (559)
for all t1,to > 0, then the system is asymptotically stable according to Definition 5.8.

Proof The proof of asymptotic stability for nonlinear two-dimensional systems is very
similar to the proof for linear systems in Section 4.5:

Consider the integral of Vi (t1, t2)+Va(t1, t2) along the line Q(1) := (¢1,¢2) € {[0,1] x {l}}U
{{I} x[0,{]} for l€e Ry or Il € N, and [ > 0 as:

U(l) = c%;) V1 (.’Bl(tl,tQ)) + ‘/Q(mQ(tl, tg))dS

Q
=8 (Vilar (t1,1) + Va(a(tr. D)) dby + 8 (Vi (112) + Va(a(l, 12))) dts.
(5.60)

Similarly to the linear case there exists a C' such that U(l) < C for all [ due to the results
in Lemma 4.2 and Corollary 5.2.

Since the first generalised derivatives of x(t1,t2) with respect to t; and to are Lo
bounded (Lemma 5.2) and the fact that the Lyapunov function components V; and V;, are

smooth, we can define

di1(l) == sup [61Vi(w1(te,0))], di2(l) == sup |62Vi(z1(l,t2))],  (5.61)
0<t:1<i 0<t2<l

d21(l) = Ssup |51‘/2(.’132(t1,l))|, and d22(l) = Sup |52‘/2(.’132(l,t2))| (562)
0<t:1<i 0<t2<l

Note that for ¢; continuous the above bounds follow immediately from the results in
Lemma 5.2 and the chain rule of differentiation: dVj/dt; = dVi/dxy - dek/dt;. In case

t; is discrete, observe that we can interpolate Vi between ¢; + 1 and ¢; and for each time
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instance t; there exists a t; < s < t¢; + 1 such that

_ dVi(zi(s))

AiVi(zg) = Vie(zi(ti + 1)) — Vi(zi(ti)) P

(5.63)

with @k (s) := xk(t;) + (s — t;)(®r(t; + 1) — xk(t;)). (For convenience, the second variable
t. is neglected here.) Thus

de(.’Bk(S)) _ de(xk) d.’I)k(S) _ de(xk)
ds dxy, ds dxy,

szk(mk) = AZ.’B}C(Q)

wk:wk(s) wk:wk(s)

(5.64)

Note that d11(l) < sup;,>q|61Vi(x1(t1,1))|. Using again the version of Barbalat’s Lemma in
Lemma 4.4, we can conclude that the first generalised derivatives tend to zero as t1,t; — oo
and are uniformly convergent in both directions. That allows us to interchange the order
of supremum and limit and thus we conclude that

lim dll(l) S lim sup |51V1 (.’Bl(tl,l))|

=0 =00 ¢, >0

=sup lim |61V1(:1:1(t1,l))|

t1>0 l— o0

—0. (5.65)

To find a lower bound on U(1) we will use a similar trick as in the proof of Lemma 4.4 and
Theorem 4.2 on page 75.

If ¢1 is continuous and the maximum of V;(t1, t2)

- Vit t 5.66
(o, e (t1,12) (5.66)

for i € {1,2}) along Q(I) occurs along the part of Q(I) where (t1,%2) € [0,1] x {I} we can

bound the integral of V;(t1,t2) over Q(l) from below by a triangle with the base equal to

min {Vi(l) da (l),l} and V() as the height of the triangle. In case ¢; is discrete and

V(1) occurs at (t1,t2) € [0,1] x {I} a similar argument as in Section 4.5 can be followed.
Thus, U(l) can be bounded from below by

Vi) Vi) Vl(m}

. Vo) Vo) Ve
U(Z)me{zdu(zy 2d12(1) 2

+min{2d21(1)’ 2m(l) 2 }
(5.67)

Since V(1) < V;(M;) where V(1) is the maximum of V; in the region () and V;(M;) is
the maximal possible value of V; if |x;| < M; for all t1,t2 > 0, this implies

2V;(M;) } _

V?(l) < C' - max {Qdil(l)a 2d;2(1),

z (5.68)

Note that as [ tends to infinity each component of the maximum in (5.68) goes to zero

and, hence, limy, 4,500 |Vi(t1,t2)| = 0 and therefore limy, +, 00 |Zi(t1,t2)] = 0. The limits
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limy, 00 |@i(t1,t2)| = 0 and lims, o0 |2(t1, t2)| = 0 exist as well. O

It should be noted that the assumptions used to guarantee asymptotic stability seem
to be rather restrictive. However, requiring smoothness of the initial conditions, the state
space description and the Lyapunov functions allows to formulate sufficient conditions for

asymptotic stability even if the divergence, div V/, is negative semi-definite.

5.6 Examples

After proving exponential stability of systems which admit a strict two-dimensional Lya-
punov function (with a strictly negative divergence), asymptotic stability was shown for sys-
tems that admit a regular two-dimensional Lyapunov function and satisfy certain smooth-
ness criteria.

Two examples will be discussed to illustrate the result on asymptotic stability. Note
that in both examples the divergence of the Lyapunov function is merely nonpositive. Thus,
they are not suitable to guarantee exponential stability. The second example discusses the

stability of a nonlinear vehicle string with a variable time headway.

Example 5.1 Consider the continuous-discrete two-dimensional system
#1(t, k) = — ¢*(x1)a1 (8, k) + ¢(1)a2(t, k) (5.69)
A:Cg(t,k) = d)(xl)xl(tvk) - zQ(ta k) (570)

with the bounded function 0 < ® < ¢(z1) < P < co. Also assume the first two derivatives
of ¢(x1) are bounded: |d¢(x1)/dz1| < @ < oo and |d%¢(x1)/dzi| < " < oo.

Stability Consider the Lyapunov function

V:(%m0:<ﬁm$v' (5.71)
Va(wz))  \ga3(t.h)

Thus
Vi(z1) = —¢? (z1)a2(t, k) + ¢(z1)x1 (8, k)22 (L, K), (5.72)
AVy(xy) = %¢2(x1)zf(t, k) — %z%(t,k) and (5.73)

divV = —% (¢p(ax1)x1(t, k) — zo(t, k) < 0. (5.74)

Equation (5.72) yields

Vilar) = 56 @) k) — 2 (6(e)aa(t, k) — wa(t, ) + Sa3(t, k)

1 1

< — *Vi(21) + Va(wa). (5.75)
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Equation (5.73) becomes
AVi(x2) < —Va(w) + B Vi(x1). (5.76)

Hence, the system with Ly and L., bounded initial conditions is stable and there exists

an upper bound on |z1| and |z2| for all ¢ and k.

Asymptotic Stability Note that the system is C? smooth since the first three derivatives
of ¢(x1) are bounded, and the Lyapunov functions V; and V5 are also smooth.

Furthermore, the current proof for asymptotic stability requires Fj;(t1,%2) to be expo-
nentially stable. Since z; and xs are scalar, condition (5.6) simplifies to Fj;(¢,k) < 0 for
all ¢t and k with

~—

Fu(tk) = — 6 (a1) — 26(e) 2D 0 (6 ) + d‘g(“)@(t, k), (5.77)

dl‘l X1
Foo(t, k) =— 1. (5.78)

Assume that ¢(z1) is chosen such that

de(z1) do(x1)

=0 d 0 f 0. 5.79
ar, - an ar T > or 11 # ( )
Thus (5.77) yields
d
Fii(t, k) < —¢*(x1) + (b(xl)xg(t, k). (5.80)

dl‘l

Since the system is stable there exists a My < oo such that |za(t, k)| < Ma for all ¢ and k.

Hence, we require

d¢($1)

d$1

M, < 0. (5.81)

Fii(t k) < —¢*(z1) + ’

Hence, choosing ¢(x1) such that its derivative satisfies

1 2
< Eaﬁ (w1) (5.82)

‘d¢($1)

d$1

guarantees that Fi; is exponentially stable. One such choice is for instance ¢(x1) = 2% +1.
With a set of initial conditions sufficiently small such that for instance My = |x2| = 1, the

system is asymptotically stable for all x;.

Further observe that a; and b; from (5.12) are given by

2 2

al :5 y b1:1, a2:1, b2 :6 . (583)
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T I e c(s T
H Cni(s) = poih P(s)
hexs + 1

Figure 5.1: Block diagram of subsystem with variable time headway

Finally, note that condition (5.59) is satisfied since

AV = = 26 (@) (1K) — 530 k) — So(en)a(t, byt k)
=— 4(15%(%1) (& ()21 (8, k) + 0 (21)23 (8, k) — 20° (21)1 (¢, k)22 (t, k)
1 (@) R) + 331, K) — 26 (¢, By 1, B))
<- é (1(t, )* — 5 (Aza(t,k)° (5.84)
Thus, the system is locally asymptotically stable. .

In our second nonlinear example we will study a nonlinear extension of Example 4.1.
Instead of a fixed time headway a varying time headway is considered. The form of
hvar given in (5.95) was proposed in Yanakiev and Kanellakopoulos (1995) (including an
additional upper saturation bound). Yet, string stability of the system has not been shown

analytically but was demonstrated through simulations.

Example 5.2 Consider the plant model and the PID controller given in (3.64) and

(3.65). Instead of a fixed time headway h we will now use a variable time headway
hvar = hﬁx + Ahvar(w) (585)

where hgy is a constant greater than the critical time headway hg = 1.18 and Ahy,, () > 0
is the variable part of the time headway which depends on the state &. An additional pole
at fﬁ is added to each subsystem.

In order to analyse the stability of the system we will transform the system in Figure 3.2
into the scheme with the additional abstract block H, see Figure 5.1, where the position
of the kth vehicle is the input for H of subsystem k+ 1, i.e. &(¢, k) = Gy (¢, k+1). We will

use the following state space description for the additional state x1,(t) of the system #:

1 hv r h bd
1y (8) = = s,y (6) + T un (8), (5.86)
hV'r h X h x
yn (1) =7, (1) + 7 un (). (5.87)

o

o
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Note that with Ay, fixed, the frozen system H is linear, time invariant with transfer
function H(s) = }};f"—‘:rll In general, we allow hy,, to be any time varying function that
satisfies hyar > hgx. Thus, the system is described by

:1.711 (t; k) AO bO Vv hvar - hﬁx/hvar bOhﬁx/hvar Ty, (ta k)
:t12 (t, k/’) = 0 _1/hvar Vv hvar - hﬁX/hVaT $12 (t5 k)
Axa(t, k) c 0 -1 xa(t, k)

At)
(5.88)

where @1, (f, k) are the existing states of the controller Cy, ¢(s) and the vehicle model P(s)
and, therefore, Ay and by are equal to Aj; and Ajs in (4.106) for h = hay:

0 1 0 0 0
0 —2Cq3vg 1 0 0
_ k k k
Ag=|—g=(kp+7) —(bp+%) 5 7x el (5.89)
—k; —hgxki 0 0 0
-1 _hﬁx 0 —%
T
bo=(0 0 w-(hpt+%) K 1) (5.90)

and ¢ = (1 0 0 0 0). Note that the eigenvalues of Aj; have negative real parts for
hﬁx; hvar > 0.

Consider the Lyapunov function candidate V' with Vi (z1) = T, (¢, k) Px1, (t, k) + 23,

and Va(z2) = 23 (¢, k)z2(t, k). The divergence then is T Qx where

AEP + PAO + CTC PbO Vv hvar - hﬁx/hvar PbOhﬁx/hvar
Q = bgPV hvar - hﬁx/hvar _2/hvar V hvar - hﬁx/hvar . (591)
bgPhﬁx/hvar V hvar - hﬁx/hvar -1

Using the Schur complement, the requirement @ < 0 yields

AEP =+ PAO + cTe PbO\/ Rvar — hﬁx/hvar
bgP\/ hvar - hﬁx/hvar _Q/hVar

P bOhﬁx/ hvar
\ hvar - hﬁx/hvar

_ AP+ PAy+cle+ PbobgPh?ix/h%ar Pbg(hyar + hix)Vhvar — heix/h2,,
bgP(hvar + hﬁx) V hvar - hﬁx/hgar _(hvar + hﬁx)/hvar

<0. (5.92)

] (68 Pt/ s = e o]
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Applying the Schur complement once again it becomes

AL P + PAy + cc+ Pboby Phi, /h2,, + Pboby P(hyar + hsix) (hyar — haix) /b2,
= AP + PA + cc+ Pbobl Ph /b2, + Pbobl P(h2,, — h%,)/h2,
= AP +PAg +cc+ Pbyb, P

<0. (5.93)

Applying the Bounded Real Lemma we can show that existence of a P > 0 satisfying
(5.93), is equivalent to the condition

Hc(ijfAO)_lbOHOO <1 (5.94)

As we have seen before Ig(jw) = ¢ (jwl — Ag) ™" by is the transfer function from the kth to
the k + 1th vehicle for hAyar = hgx. Since the time headway hgy is greater than the infimal
time headway ho = 1.18, |T'(jw)| = 1 for all w and |T'(jw)| < 1 for w # 0. Thus, a positive
definite Matrix P exists such that @ is negative semi-definite independently of hy,, (for
hax > ho, and Ahy,, () > 0) and the system is stable.

Note that using the current proof for asymptotic stability, it is required to ensure
that the Jacobian matrices Fj;(t1,t2) are exponentially stable. This, however, requires
more work as hy,, can depend explicitly on @7 and x2 and therefore conditions restricting
Ohyar /021 might be necessary.

Consider the variable time headway

hae + o (8(£, 1) — D,k — 1)) for huin < huar (£, k),
o (1) — n (0(t, k) — o( ) (t. k) (5.95)
hmin else,

where the time headway in steady state is hgs = 1.4, ky, = 0.05 and the variable time
headway is saturated at hax = hmin = 1.2. The motivation for the choice (5.95) is that in
case the vehicle is driving slower than its predecessor, the variable time headway decreases
and the vehicle thus accelerates faster and therefore can reach its desired position faster.
A string of forty vehicles has been simulated. The local error is shown in Figure 5.2 and
the variable time headway hya,(t, k) in Figure 5.3.

As shown in Figure 5.2 the error for the first vehicle increases to a maximal value that
is twice as high as the maximal value of the local error of the first vehicle in a string with
a constant time headway (h = 2) in Figure 4.2. This is because of the decreased time
headway, and consequently the desired distance between the first vehicle and reference
position decreases temporarily and thus the error increases.

Note that the simulations suggest that the system is not only stable but also asymptot-
ically stable. As mentioned above, a rigorous proof for asymptotic stability in the current
form, however, requires more work and restrictions on dhy,, /91 or a different proof for

asymptotic stability that requires less restrictive conditions on Fj;. *
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12

Error é(t, k)
e

100

40

Position k 0 0 Time ¢

Figure 5.2: String with variable time headway: error é(t, k)

1.5
1.45
1.4
1.35
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Variable Time Headway hvyar (¢, k)

100

40

Position k Time ¢

Figure 5.3: String with variable time headway: hyay(t, k)
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5.7 Conclusion

The sufficient conditions guaranteeing stability, exponential stability and asymptotic sta-
bility of linear two-dimensional systems given in Chapter 4 have been expanded. Instead
of using linear matrix inequalities, here the theory of (integral) input-to-state stability has
been employed to derive sufficient stability conditions for general nonlinear two-dimensional
systems.

As the divergence of the two-dimensional Lyapunov function is only required to be
nonpositive, additional assumptions have been made to prove stability and asymptotic
stability. In order to guarantee stability of general nonlinear two-dimensional systems,
the only additional assumption is that the iISS-Lyapunov function derivative d;V; depends
on the second part of the Lyapunov function Vi in a certain form. However, the proof
for asymptotic stability in Section 5.5 also requires certain smoothness conditions on the
initial conditions, the state space equations and the Lyapunov function. In some ways
this had to be expected as it was noted in (Zhu and Hu, 2011, Remark 3) in order to
show global asymptotic stability for nonpositive differences, at least the assumptions on
the initial conditions need to be stronger than merely boundedness.

However, if a Lyapunov function with a strictly negative divergence can be found,
exponential stability can be guaranteed. This extends a similar result given in Kurek
(1995) where div V' < 0 is required to ensure asymptotic stability.

To the best of our knowledge, the stability discussion in Example 5.2 is the first rig-
orous proof of string stability for a nonlinear platoon system with variable time headway.
However, in order to guarantee asymptotic stability with the current proof, additional con-
ditions on the derivatives of hy, might be required. Alternatively, a different proof with

less conservative conditions is needed.






CHAPTER 6

Conclusion

In this last chapter we summarise the contributions of this thesis and suggest
possible future directions for continued research in the relevant areas.

Chapter contents
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6.1 Summary

In Chapter 1 we motivated the study of two-dimensional systems in general and continuous-
discrete two-dimensional systems in particular by introducing the platooning problem: In
order to achieve tight spacing between vehicles travelling in a group (“string” or “platoon”)
one behind the other along one single direction, the vehicles are equipped with an automatic
controller for longitudinal position. The aim is to maintain a specified distance towards the
predecessor while the first vehicle follows a given trajectory using only locally measurable
data and distributed control (i.e. one independent controller for each vehicle rather than
one controller for the entire platoon).

It is a known issue that in some settings even if all subsystems are stable and the local
error coordinates are bounded and tend to zero for time ¢ going to infinity, the norm of the
local error might grow exponentially with the position in the string: A small disturbance
at the beginning of the string is propagated through the string and amplified from each
vehicle to its follower. Additional constraints have to be derived in order to guarantee the
system’s stability in the usual sense and also to bound the error independently of the string
length. This much stronger stability requirement is referred to as “string stability”.

A vehicle string model can also be written as a two-dimensional system with the two
independent variables time ¢ and the position within the string k. Even though this
description yields some significant advantages and simplifications in the (string) stability
analysis, a linear two-dimensional system modelling a vehicle platoon also inherits an
unavoidable singularity at the stability boundary, which then requires special attention

when analysing stability.
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Relevant literature has been discussed in Chapter 2. Some concepts and notation in the
field of platooning were introduced before reviewing the most important findings regarding
string stability.

Related literature on the stability of linear two-dimensional systems was studied. The
emphasis here was to note which of the stability conditions known in the literature are
suitable to guarantee stability of systems with singularities at the stability boundary. Most
researchers explicitly or implicitly exclude this marginal case and only few results studying
the bounded-input bounded-output stability of such systems in the frequency domain are
available.

To the best of the authors’ knowledge there are no published conditions suitable to
guarantee stability of such systems with a singularity at the stability boundary in the
time domain. Often, stability conditions are given as linear matrix inequalities (LMI) and
require a negative definite solution of the inequality. We have shown, however, that systems
with a singularity at the stability boundary can never admit a sign definite solution of such
an LMI. Hence, previous LMI methods do not apply to the situation studied here.

Compared to the vast amount of papers on the stability of linear two-dimensional
systems very few stability conditions for general nonlinear two-dimensional systems have

been published so far.

Chapter 3 investigated the bounded-input bounded-output (BIBO) stability of lin-
ear two-dimensional systems in the frequency domain. A combination of the well known
Laplace transform (with respect to the continuous time t) and the Z transform (with re-
spect to the discrete position within the sting k) was introduced. It was shown that a
version of Parseval’s Theorem also holds for two-dimensional systems. Hence, the Lo norm
of a two-dimensional signal in the time domain is equal to the Lo norm of the Laplace-Z
transform of the signal in the frequency domain. This was followed by the derivation of
the corresponding Lo induced operator norm.

These results were used to analyse the BIBO stability of a linear continuous-discrete
two-dimensional system describing a vehicle platoon. Since the communication range (the
number of vehicles ahead whose information is considered by each vehicle controller) only
determines the order of z, systems with different communication settings may be studied
using the same approach. The two-dimensional description of a vehicle string with com-
munication range 1 and 2 was analysed and an infimal time headway to guarantee string
stability was derived. However, due to the singularity at the stability boundary, it turns
out that the magnitude of the operator is discontinuous at this singularity and thus the

operator norm had to be examined with special care.

As the stability analysis of linear two-dimensional systems with nonessential singular-
ities of the second kind (NSSK) at the stability boundary in the frequency domain yields
some disadvantages, sufficient conditions for stability in the time domain were proposed

in Chapter 4. Using a two-dimensional quadratic Lyapunov function and linear matrix
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inequalities (Lyapunov) stability can be guaranteed if the divergence of the Lyapunov
function is nonpositive. This is in contrast to the findings proposed in the literature so
far as they require a strictly negative divergence. If the linear two-dimensional system
with exponentially decaying initial conditions admits a suitable Lyapunov function with a

strictly negative divergence, exponential stability can be guaranteed.

Moreover, it was shown that a system including a singularity at the stability boundary
cannot be exponentially stable since in that case the divergence of the Lyapunov function
cannot be sign definite. Provided the initial conditions fulfil certain smoothness criteria,
asymptotic stability can, however, be guaranteed even if the divergence is merely non-
positive. This sufficient condition for asymptotic stability is thus suitable to analyse the
stability of two-dimensional systems including singularities at the stability boundary, such

as two-dimensional models of vehicle strings.

All proofs regarding stability, exponential stability and asymptotic stability of linear
two-dimensional systems were given in a generalised notation, allowing systems with con-

tinuous and discrete time to be studied in a unified manner.

The same vehicle string with communication range 1 discussed as an example for BIBO
stability in Chapter 3 was also used to illustrate the findings in Chapter 4. It was shown
that if we restrict attention to quadratic Lyapunov functions a time headway greater than
the same infimal time headway derived before is necessary and sufficient to guarantee

stability and asymptotic stability of the continuous-discrete two-dimensional system.

In Chapter 5 the results for linear two-dimensional systems presented in Chapter 4 were
extended to nonlinear two-dimensional systems. Instead of demanding a two-dimensional
quadratic Lyapunov function, here more general forms of two-dimensional Lyapunov func-
tions were allowed. These functions are similar to (one-dimensional) Lyapunov functions
used to study (integral) input-to-state stability of nonlinear systems and the proofs for sta-
bility, exponential stability and asymptotic stability of nonlinear two-dimensional systems

are partly based on (integral) input-to-state stability theory.

Similar to the sufficient conditions for linear systems, it was proven that exponential

stability can be guaranteed if the divergence of the Lyapunov function is strictly negative.

An analogous result to that for linear two-dimensional systems gives stability of non-
linear two-dimensional systems if a Lyapunov function with nonpositive divergence exists.
Additionally assuming some extra smoothness conditions on the initial conditions, the state

space functions and the Lyapunov function, asymptotic stability was also guaranteed.

These results were used to analyse a two-dimensional system description of a nonlinear
string of vehicles: Instead of a fixed time headway, the variable time headway depends on
the states of the vehicle and its predecessor, hence varies over time and leads to an overall
nonlinear system. To the best of our knowledge this is the first rigorous proof for string

stability of a nonlinear vehicle string with variable time headway.
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6.2 Future Directions

As this work is drawing to a close let us discuss possible future directions to extend the

results proposed in this thesis.

The proof for asymptotic stability of nonlinear two-dimensional systems in Chapter 5
can be used to analyse the stability and string stability of different vehicle string settings
with nonlinear controller or vehicle dynamics. To apply it to the string with a variable time
headway it is necessary, however, to show that the Jacobian matrices are exponentially
stable. This will most certainly require bounds on the derivative of the variable time

headway.

Finding less conservative conditions on the Jacobian matrices F;; guaranteeing asymp-
totic stability of nonlinear two-dimensional systems might enable a proof for asymptotic
stability of a string with variable time headway without restricting the derivative of the
time headway. Alternatively, finding another way to prove asymptotic stability of gen-
eral nonlinear two-dimensional systems without conditions on the Jacobian matrices at all
might not only allow us to show asymptotic stability of a string with variable time headway

with even less restrictions but also apply the results to a wider range of applications.

Another example is a saturated actuator where the vehicles cannot accelerate or decel-
erate faster than some maximal value. This would allow us to guarantee string stability for
a more realistic setting. In order to do so, however, it is desirable to extend the findings.
For instance, when using a saturated actuator signal, at least in the current setting , it
cannot be guaranteed that the system is globally stable as this would require that the
vehicle string can follow any given trajectory. Thus, deriving sufficient conditions for local
stability and asymptotic stability given that the parameter and the trajectory lie within a

certain region would be necessary.

If possible, it would also be useful to loosen the rather strict requirements on the initial
condition enabling us to apply the results to a wider range of applications. This can
be done by easing the smoothness requirements on the initial conditions for asymptotic
stability or by showing that initial conditions of a different kind are also suitable to assure
asymptotic stability. In particular, it would be worth investigating how initial conditions
that are zero after some time T could be incorporated. Also allowing piecewise continuous

initial conditions might extend the possible range of applications.

If, however, the smoothness of the initial conditions or the state space functions and
the exponential stability of the Jacobian matrices in the nonlinear case are necessary (as
well as sufficient), it would be helpful to show such necessity as it would contribute to a

better understanding of the underlying dynamics.

Since disturbances in real world problems cannot always be neglected it would be worth
extending the results on BIBO stability for linear two-dimensional systems and establish a

theory of two-dimensional input-to-state stability for nonlinear two-dimensional systems.
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Furthermore it would be worth to extend the stability results to derive controller design
strategies for linear two-dimensional systems with SSB based on LMIs, or for nonlinear
two-dimensional systems that only admit Lyapunov functions with nonpositive divergences
based on the theory of ISS and iISS.

Another possible future direction is to investigate the nonlinear analogue of the singu-
larity at the stability boundary and whether the two-dimensional description of a nonlinear
vehicle string can never admit a Lyapunov function with a strictly negative divergence.

Applying the proposed stability criteria to other two-dimensional systems — other
than vehicle strings — might contribute to the stability analysis of these fields. It would
be particularly interesting to study systems with singularities at the stability boundary,
that only admit Lyapunov functions with nonpositive divergences, as it was not possible
to study their stability with the previously known results on two-dimensional systems in
the literature.

It should also be noted here, that it is not possible to directly study heterogeneous
or bidirectional vehicle strings with the methods proposed in this work as they cannot
be modelled as two-dimensional systems. In heterogeneous strings the dynamics of each
vehicle depend on the position within the string and in general it is therefore not possible
to find a general state space equation for all subsystems, i.e. vehicles. In a bidirectional
vehicle string each vehicle measures at least the distance towards the preceding and the
following vehicle. This implies that this string of N vehicles is not just a truncation of
an infinite string. As the two-dimensional systems proposed in this thesis are defined for
t1,ta — oo bidirectional vehicle strings cannot be modelled as such. Thus, different ways

of describing these systems and suitable stability criteria have to be developed.






Notation

Basic Notation

&i

Scalars; lowercase letters, p. 4

Vectors and vector valued functions in the time domain x(-); lowercase bold letters;
note that the ith element of x is denoted by z;, p.4

Matrices; uppercase bold letters, p. 4

Transforms in the frequency domain of vector valued functions in the time domain
such as X (s) = L{x(t)}; uppercase bold letters depending on a complex variable,
p- 24

Identity matrix, p. 59
Zero matrix, p. 59
Imaginary unit, p. 24

Generalised frequency domain variable; s; or z;, p. 60

Functions and Function Classes

KL

natural logarithm; Inx = log, «, p. 50

Lyapunov function, p. 59

Indicator function, p. 59

Generalised exponential; eA? or (I+ A), p.59

« is positive definite if it is continuous, a(0) = 0 and a(z) > 0 for all > 0, p. 89
«a € K if it is positive definite and strictly increasing, p. 89

a € K if it is of class K and in addition a(x) — 400 as © — +00, p. 89

B e KL if B(-,t) is of class Koo for all ¢ > 0 and satisfies S(r,t) — 0 as t — oo for
all > 0, p.89
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Local variables for subsystems

Position of the kth vehicle in the string, given in metres m, p. 33
Velocity of the kth vehicle in the string, given in metres per second m/s, p. 33

(Local) Error of the kth vehicle in the string with the corresponding Laplace-Z
transform E(s, z), given in metres m, p. 33

(Local) Disturbance of the kth vehicle in the string with the corresponding Laplace-
Z transform D(s, z), given in metres per square second m/sQ, p- 33

(Local) Control input of the kth vehicle in the string, given in metres per square
second m/s?, p. 33

Reference signal for the first vehicle in the string, given in metres m, p. 32
Required distance between two vehicles in the string, given in metres m, p. 32

Time headway, given in seconds s, p. 33

Operators and Transformations

L Laplace transform, p. 24

Z Z transform (unilateral), p.24

LZ Lapace-Z transform (unilateral), p. 25

Ti Generalised transform; Laplace transform or Z transform, p. 60

0; Generalised derivative operator; diti or A, p.58

S Generalised integration operator; [ -dt; or Zti, p-58

div Generalised divergence operator; div = (61 0y .. .), p. 60

&) Direct matrix sum; e.g. P = Py & P, = diag{ Py, P>}, p. 15

Norms

IlA]l  Matrix norm; maximal singular value; || A| = \/m = Omax(A), p. 59

|x(t)|, pointwise L, norm; (3, |aci(t)|p)1/p; note that for scalar z(¢) all L, norms are

equal, if p is not specified we assume p = 2, p. 24

|x(t)|0o pointwise Lo, norm; max; |x;(t)|, p. 24

|z(-)|lp (one-dimensional) L, norm; (Sg°|z(t)[Edt) 1/p; note that we say «(t) is in L,

0,50) if ()], < o<, p.60
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lz(-)||oc (one-dimensional) Lo norm; sup,~ [€(t)|o; note that we say & (t) is in Lo [0, 00)
if () < oo, p. 60

()|, (two-dimensional) L, norm; (Sg°S§° |w(t1,t2)|gdt1dt2)1/p; note that we say
x(t1,t2) is in L, [0,00) x [0,00) if || (-, )|, < o0, p.27

(-, )[loc (two-dimensional) Lo, norm; supy, ;,~o |Z(t1,%2)|c0; NOte that we say (1, t2)
is in Lo [0,00) X [0,00) if ||&(-,")||cc < 00, p.69

IX(-,)|l2 (two-dimensional) 2-norm in the frequency domain, p.27

le(-)||v (one-dimensional) V-norm; S;°V; (x0(t)) dt; note that we say x(¢) is in Ly if
2()[lv < oo, p.91

Abbreviations

2D Two-Dimensional, p. 3

BIBO Bounded-Input Bounded-Output, p. 14

BRL Bounded Real Lemma, p. 14

FM1 Fornasini Marchesini’s first model, p. 13

FM2 Fornasini Marchesini’s second model, p.13

iISS  Integral Input-to-State Stability (or Stable), p.20
ISS Input-to-State Stability (or Stable), p. 19

LMI  Linear Matrix Inequality, p. 14

NSSK Nonessential Singularity of the Second Kind, p. 17

SSB  Singularity on the Stability Boundary, p. 5
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